Monopole and instanton effects in QCD by Hasegawa, Masayasu
ar
X
iv
:1
80
7.
04
80
8v
2 
 [h
ep
-la
t] 
 17
 Ju
n 2
01
9
Catalytic effects of monopoles in QCD
Masayasu Hasegawa∗
Bogoliubov Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, Dubna, Moscow 141980, Russia
(Dated: June 18, 2019)
We want to find indications that magnetic monopoles in quantum chromodynamics (QCD) exist; therefore,
we introduce a monopole and anti-monopole pair in the QCD vacuum of the quenched SU(3) by applying the
monopole creation operator on the vacuum. We investigate the catalytic effects of monopoles on chiral symme-
try breaking using the Dirac operator of the overlap fermions that preserves the chiral symmetry in the lattice
gauge theory. First, we confirm that the eigenstate of the monopole creation operator becomes the coherent state
and that the monopole creation operator makes monopoles and anti-monopoles in the QCD vacuum. We have
found the catalytic effects of monopoles on observables by varying the values of the magnetic charges of the
additional monopole and anti-monopole as follows: (i) The decay constants of the pseudoscalar increase. (ii)
The values of the chiral condensate, defined as a negative number, decrease. (iii) The light quarks and the pseu-
doscalar mesons become heavy. The catalytic effects of monopoles on the partial decay width and the lifetime
of the charged pion are estimated using the numerical results of the pion decay constant and the pion mass. (iv)
The decay width of the charged pion becomes wider than the experimental result, and the lifetime of the charged
pion becomes shorter than the experimental result. These are the catalytic effects of monopoles in QCD, which
we find in this research.
PACS numbers: 11.30. Rd, 12.38. Gc, 14.80. Hv
I. INTRODUCTION
Illuminating upon the mechanism of colour confinement is
one of the most important research areas in mathematics and
physics [1]. A particle that possesses a single-colour charge,
for example, a single quark or gluon, has never been ob-
served experimentally. We have only experimentally observed
mesons and baryons of colour singlets. Why we cannot ob-
serve particles of single-colour charge has not yet been deter-
mined.
To explain this phenomenon, a convincing explanation that
a magnetic monopole condensing in the QCD vacuum causes
the dual Meissner effect and that colour charged particles are
confined has been given by ’tHooft [2] and Mandelstam [3].
A significant number of simulations have been conducted un-
der lattice gauge theory, and sufficient results supporting this
explanation have been obtained [4–20]. It seems that this sce-
nario has become widely accepted.
In the GrandUnified Theory (GUT), the existence of a mag-
netic monopole, the ’tHooft-Polyakov monopole [21, 22] in
the early universe, is necessarily derived. The catalytic ef-
fect that the presence of magnetic monopoles induces proton
decay is theoretically expected, and moreover, the close rela-
tion between quarks and magnetic monopoles has been men-
tioned [23–27]. The ’tHooft-Polyakov monopole possesses a
superheavymass [28]. It is difficult to directly detect magnetic
monopoles to validate the theory. Therefore, experiments at-
tempting to observe proton decay caused by monopole cataly-
sis have been attempted. The catalytic effects, however, have
not yet been observed experimentally [29–31].
The spontaneous breaking of chiral symmetry causes in-
teresting phenomena in the low energy of QCD [32–37].
Once chiral symmetry spontaneously breaks, a massless pion,
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which is the NG (Nambu-Goldstone) boson, appears, and the
chiral condensate, which is an order parameter of chiral sym-
metry breaking, obtains non-zero values. The quarks obtain
small masses from the non-zero values of the chiral conden-
sate. The pion decay constant is defined as the strength of the
coupling constant between the NG boson and the axial-vector
current. The pion would obtain the mass by supposing a par-
tially conserved axial current (PCAC) [38].
It would be surprising if these phenomena were explained
well by models concerning the instanton [39–41]. In particu-
lar, the models demonstrate that the chiral condensate and the
pion decay constant are estimated from the instanton vacuum
and that instantons induce the breaking of the chiral symme-
try [42–45].
Recently, very interesting experiments that are challenging
the frontiers of science have been attempted.
In condensed matter physics, a research group has gener-
ated Dirac monopoles in a Bose-Einstein condensate and ob-
served the monopoles experimentally [46, 47]. These experi-
mental results are also confirmed by simulations based on the
model.
In the field of high-energy physics, the ”Monopole and Ex-
otics Detector at the LHC (MoEDAL)” experiment has be-
gun. This experiment aims to explore magnetic monopoles
and other highly ionizing particles, which are particles beyond
the Standard Model, in proton-proton collisions at the Large
Hadron Collider (LHC). The search for magnetic monopoles
in high-energy collisions has already begun [48, 49].
The purpose of this study is to present indications that the
catalytic effects of magnetic monopoles can be detected by
experiments to reveal the existence of magnetic monopoles in
the real world.
Even if it seems that colour confinement and chiral sym-
metry breaking are not related, we suppose that both phenom-
ena are closely connected to each other through the topolog-
ical objects, i.e., magnetic monopoles and instantons, in the
QCD vacuum. The topological objects that are inhabitants of
2the QCD vacuum play significant roles in the mechanism of
colour confinement and the breaking of chiral symmetry.
First, we demonstrate by conducting simulations of lattice
QCD that the monopole catalysis in the low energy of QCD
induces the breaking of chiral symmetry though instantons.
In previous studies of lattice QCD, instantons have been
found in QCD vacuums [50], and the relations between the
instantons and Abelian monopoles have been studied [51, 52].
The hadron masses were calculated from the background
fields of Abelian monopoles [53]. The fermion zero modes
have been derived from the background fields of the magnetic
monopoles [54–56].
In numerical calculations, however, the fermions, which
do not preserve the chiral symmetry in lattice gauge theory,
are mainly used in the formulation of quarks. Moreover,
the quantitative relation between magnetic monopoles and in-
stantons is not clear because monopoles are defined as three-
dimensional objects, whereas instantons are defined as four-
dimensional objects.
In the present studies, we introduce the monopole and anti-
monopole into the QCD vacuum of the quenched SU(3) by
applying the monopole creation operator [15, 57] to the vac-
uum. We generate the configurations by varying the values of
the magnetic charges of the monopole and anti-monopole. We
then calculate the eigenvalues and eigenvectors of the Dirac
operator of the overlap fermions using these configurations.
The Dirac operator of the overlap fermions, which is defined
in lattice gauge theory, preserves the exact chiral symmetry
in the continuum limit [58–62]. We have attempted to show
the quantitative relations between monopoles, instantons, and
chiral symmetry breaking. We have already demonstrated the
following results [57, 63–65].
• The eigenstate of the monopole creation operator be-
comes a coherent state. The monopole creation operator
makes only long monopole loops in the QCD vacuum,
and the monopole loops become long with increasing
values of the magnetic charges.
• The total number of instantons and anti-instantons is
correctly estimated from the topological charges.
• The monopole of a magnetic charge +1 and the anti-
monopole of a magnetic charge -1 make one instanton
or one anti-instanton.
• The additional monopoles and anti-monopoles do not
change the vacuum structure and produce only the topo-
logical charges.
• In the study of the maximal Abelian gauge, the to-
tal physical length of the monopole loops is in direct
proportion to the total number of instantons and anti-
instantons.
• The added monopoles and anti-monopoles do not af-
fect the distributions of the eigenvalues of the overlap
Dirac operator, and these monopoles change only the
scale parameter of the distributions of the eigenvalues.
The chiral condensate decreases with increasing values
of the magnetic charges (the chiral condensate is de-
fined as a negative value). We obtain these results by
comparing the numerical results with the predictions of
random matrix theory [66–69].
• The preliminary results show that the quark masses be-
come heavy by increasing the values of the magnetic
charges.
It is apparent that the added monopoles and anti-monopoles
are closely related to instantons and chiral symmetry break-
ing. These results, however, have been obtained using config-
urations with small lattice volumes (V = 144) and one value
(β = 6.0000) of the parameter for the lattice spacing. We have
already performed simulations using a larger lattice volume
(V = 163×32, β = 6.0000); however, the numbers of statisti-
cal samples are not sufficient.
We have shown in two ways that the values of the chi-
ral condensate, which is defined as having negative values,
decrease when varying the magnetic charges of the added
monopole and anti-monopole. However, we could not quanti-
tatively explain this phenomenon.
In this study, we add a monopole and anti-monopole to a
larger lattice volume (V = 183× 32) and with a finer lattice
spacing (β = 6.0522) than in our previous studies. The num-
bers of statistical samples for the observables are sufficiently
high. We calculate the low-lying eigenvalues and eigenvectors
of the overlap Dirac operator from these configurations [70]
and estimate the catalytic effects of the monopoles and anti-
monopoles that we added.
The contents of this article are as follows: In section II, we
generate configurations whereby we add the monopole and
anti-monopole. To confirm that we successfully added the
monopoles and anti-monopoles to the configurations, we cal-
culated the monopole density and the length of the monopole
loops from these configurations.
In section III, we calculate the number of zero modes, the
total number of instantons and anti-instantons, and the instan-
ton density using the eigenvalues of the overlap Dirac oper-
ator. We show the quantitative relations between monopoles
and instantons using the calculations in Ref. [57].
In section IV, we make predictions of the decay constants
and the chiral condensate based on the models [41–45] to
quantitatively explain why the decay constants increase and
why the values of the chiral condensate decrease.
In section V, we calculate the pseudoscalar mass, pseu-
doscalar decay constant, and the chiral condensate from the
correlation functions of the operators [71, 72]. We esti-
mate the renormalization constants by non-perturbative cal-
culations [72–77]. We show that the numerical results corre-
spond to the predictions.
In section VI, we calculate the normalization factors at the
pion and kaon by matching the numerical results with the ex-
perimental results [71, 72]. We then re-estimate the decay
constants and the chiral condensate considering the normal-
ization factors. We estimate the catalytic effects of monopoles
on the light quark masses and quantitatively explain why the
light quark masses increase. Finally, we estimate the catalytic
3effects of monopoles on the decay width and the lifetime of
the charged pion.
In section VII, we provide a summary and conclusions.
II. MONOPOLES
In this section, we first explain the monopole creation oper-
ator, which we use in this research. We then create monopoles
and anti-monopoles in the configurations with varying mag-
netic charges. We measure the monopole density and the
length of the monopole loops to confirm that the eigenstate
of the creation operator becomes the coherent state and that
the monopoles and anti-monopoles are correctly added in the
configurations.
A. The monopole creation operator
In the present study, we extend the expression of the
monopole creation operator µ¯ in SU(2) [15] to SU(3) [57].
That is defined as follows:
µ¯ = exp(−β ∆S). (1)
We adopt the plaquette action for the gauge fields. The
monopole creation operator acts on the vacuum, and the orig-
inal action S is slightly shifted to S+∆S.
S+∆S≡ ∑
n, µ<ν
Re
(
1−Πµν(n)
)
(2)
The indexes µ and ν indicate the 4-direction. This particular
element Πi4 of the plaquette Πµν on the site (t,~n) changes by
the creation operator as follows:
Πi4(t,~n) =
1
Tr[I]
Tr[Ui(t,~n)M
†
i (~n+ iˆ)
×U4(t,~n+ iˆ)Mi(~n+ iˆ)U†i (t+ 1,~n)U†4 (t,~n)] (3)
The gauge links are indicated byUi(t,~n). The index i indicates
the spatial components 1, 2, 3, or x,y,z, and the 4th index
indicates the time component t. The index iˆ indicates the unit
vector in the i direction. The matrixMi is the configuration of
the discretized fields. This is composed of the classical fields
of the monopole Ami and the anti-monopole A
am
i as follows:
Mi(~n) = exp(iA
m
i (~n− ~x1)+ iAami (~n− ~x2)) , (i= x, y, z) (4)
The matrix M† is defined as the Hermitian conjugate of the
matrixM.
The monopole fields Ami , which are centred at the static
monopole in the Wu-Yang form [78], are derived in the spher-
ical coordinate system (r, θ , φ ) as follows:
(i) nz− z≧ 0

AmxAmy
Amz

=


mc
2ger
sinφ(1+cosθ)
sinθ λ3
− mc
2ger
cosφ(1+cosθ)
sinθ λ3
0

 (5)
(ii) nz− z< 0

AmxAmy
Amz

=

−
mc
2ger
sinφ(1−cosθ)
sinθ λ3
mc
2ger
cosφ(1−cosθ)
sinθ λ3
0

 (6)
λ3 is the third component of the Gell-Mann matrices. We
define the anti-monopole fields Aami as being generated by
the magnetic charges, which are the opposite sign but same
magnitude as the monopole; thus, the difference between the
monopole fields and the anti-monopole fields is only the sign
of the magnetic charges mc.
TABLE I. The locations of the monopole (t, ~x1) and anti-monopole
(t, ~x2). The time t indicates the time slice in which we add the
monopole and anti-monopole. The distance between the monopole
and anti-monopole is indicated as D (in lattice units). The lattice
volume is V = 183×32.
D Monopole (t, ~x1) Anti-monopole (t, ~x2)
Odd
(
32
2 ,
20+D
2 ,
20+D
2 ,
19
2
) (
32
2 ,
20−D
2 ,
20−D
2 ,
17
2
)
Even
(
32
2 ,
19+D
2 ,
19+D
2 ,
19
2
) (
32
2 ,
19−D
2 ,
19−D
2 ,
17
2
)
We maintain a certain distance D and place the monopole
at location ~x1 and the anti-monopole at location ~x2. We set the
time t = 16 to create the monopole and anti-monopole in the
configurations. Periodic boundary condition are adopted for
each boundary (the space components and the time compo-
nent) of the lattice. We indicate the locations of the monopole
and anti-monopole and the distance in Table I.
We vary both the magnetic charges of the monopole from
0 to 6 and the magnetic charges of the anti-monopole from 0
to -6. The magnetic charges are integers. The anti-monopole
possesses the opposite charges of the monopole; thus, the to-
tal of the magnetic charges that are added to the configura-
tion is zero. The magnetic charge mc indicates that both the
monopole of the magnetic charge+mc and the anti-monopole
of the magnetic charge−mc are added.
To check the consistency with the normal configurations,
we generate the configurations of the magnetic charge mc = 0
and compare the numerical results.
The electric charge ge is the same as the gauge coupling
constant ge =
√
6
β . We add both the electric charge and the
magnetic charges to the configurations.
B. The simulation parameters
We generate the normal configurations and the configura-
tions in which the classical fields of the monopole and anti-
monopole are added. The number of magnetic charges mc
varies from 0 to 6. General methods, i.e., the heat bath al-
gorithm and the over-relaxation method, are used. The lat-
tice volume and the parameter β of the lattice spacing are
V = 183× 32 and β = 6.0522, respectively.
4TABLE II. The numerical results of the lattice spacing a(1) and a(2). The lattice is V = 183×32, β = 6.0522. The number of iterations and
the weight factor for the smearing are written as (n,αsm). T/a indicates the temporal component of the Wilson loop, which we determine with
the lattice spacing. FR indicates the fitting range. The analytic result is a = 8.5274×10−2 [fm] (r0 = 0.5 [fm]).
mc a
(1) [fm] a(2) [fm] (n,αsm) T/a FR(RI/a) χ
2/d.o. f . Ncon f
Normal conf 8.53(9)×10−2 8.98(4)×10−2 (25, 0.5) 4 1.8 - 8.0 1.0/4.0 800
0 8.52(14)×10−2 8.98(6)×10−2 (30, 0.5) 5 1.8 - 8.0 3.5/4.0 980
1 8.58(12)×10−2 9.03(5)×10−2 (25, 0.5) 5 1.8 - 9.0 4.9/5.0 1200
2 8.72(8)×10−2 9.15(3)×10−2 (30, 0.5) 4 1.8 - 8.0 5.3/4.0 980
3 8.75(8)×10−2 9.17(3)×10−2 (25, 0.5) 4 1.8 - 9.0 4.6/5.0 980
4 8.7(3)×10−2 9.03(14)×10−2 (30, 0.5) 6 1.8 - 9.0 6.2/5.0 1060
5 8.83(18)×10−2 9.27(8)×10−2 (25, 0.5) 4 1.8 - 7.0 3.2/3.0 1100
6 8.66(19)×10−2 9.01(7)×10−2 (25, 0.5) 5 1.8 - 9.0 4.3/5.0 920
First, we confirm the effects of the additional monopole and
anti-monopole on the scale of the lattice by calculating the
lattice spacing. The lattice spacing a(1) is estimated using the
Sommer scale r0 = 0.5 [fm], σ , and α . The parameters of σ
and α are obtained by fitting the following function:
V (R) =V0− α
R
+σR (7)
to the numerical results of the static potential V (R), which is
computed from Wilson loops. The lattice spacing a(2) is de-
termined using
√
σ = 440 [MeV]. To reduce the effects of ex-
cited states, we perform the smearing [79] to the gauge links
of the spatial components. Moreover, we improve the spatial
component R of the Wilson loop to RI using the Green func-
tion [80, 81]. The numerical results of the lattice spacing and
the smearing parameters are shown in Table II.
Table II shows that the additional monopoles and anti-
monopoles do not affect the lattice spacing, and the numer-
ical results are reasonably consistent with the analytic results,
which are calculated from formula [80]. Hereafter, we use
the value of the lattice spacing a = 8.5274×10−2 [fm] and the
Sommer scale r0 = 0.5 [fm].
C. The monopole density and the length of the monopole loops
To confirm whether we properly add the monopole and
anti-monopole in the configurations, we detected the Abelian
monopoles in the configurations. First, we iteratively trans-
form the SU(3) matrix under the condition of the maxi-
mal Abelian gauge by using the simulated annealing algo-
rithm. We perform 20 iterations to prevent the Gribov copies
from influencing the numerical results. We then derive the
Abelian monopole holding the U(1)×U(1) symmetry from
the Abelian link variables by performing the Abelian projec-
tion to the SU(3) matrix [82].
The monopole current kiµ in SU(3) [4, 53, 83] is defined on
the dual site ∗n such that it satisfies the condition∑i kiµ(∗n)= 0
as follows:
kiµ(
∗n)≡−εµνρσ ∇νniρσ (n+ µˆ) (8)
The index i indicates the colour, and niρσ is defined as the
number of Dirac strings that pierce through a plaquette on a
plane defined by the directions ρ and σ . We adopt the nor-
malization factor from Ref. [84].
The monopole current satisfies the current conservation law
∇∗µkiµ(∗n) = 0. Therefore, the monopole currents form the
loops. The derivatives ∇µ and ∇
∗
µ indicate the forward and
backward derivatives on the lattice, respectively. The defini-
tion of the monopole density ρm as a three-dimensional object
is as follows [84]:
ρm =
1
12V
∑
i,µ
∑
∗n
|kiµ(∗n)|/a3 [GeV3] (9)
We count the numbers of the absolute values of the monopole
currents that form the closed loops C [85] and define the
length of the closed loops Lm as a one-dimensional object as
follows:
Lm ≡ a
12
∑
i,µ
∑
∗n∈C
|kiµ(∗n)| [fm] (10)
First, we put the monopole and anti-monopole at the cen-
tre of the lattice and confirm the dependence of the monopole
density on the distance D by increasing the distance between
the monopole and the anti-monopole and by varying the mag-
netic charge mc. If the monopole is placed the proper dis-
tance away from the anti-monopole, even if the distance is
increased, the monopole density does not change.
We determine the distanceD between the monopole and the
anti-monopole as D = 9 (1.09 [fm]). This distance is compat-
ible with D = 8 (1.06 [fm]) in previous studies (V = 144 and
V = 163× 32, β = 6.0000) [57, 65].
We measure the monopole density and the length of the
monopole loops to confirm whether the monopole and anti-
monopole are appropriately added in the configurations. We
define the lengths of the monopole loops as LTm, L
L
m, and L
S
m,
which indicate the total length of the loops, the longest loops,
and the short loops, respectively. The short loops are defined
as the remainder after the longest loops are subtracted from
the total length. The computed results are given in Table III.
As shown in Fig. 1, the length of the longest loop LLm lin-
early increases with increasing magnetic charge mc; however,
the length of the short loops LSm does not change. This shows
that the eigenstate of the monopole creation operator becomes
5TABLE III. The monopole density ρm and the length of the monopole
loops Lm. N. C. stands for the normal configuration.
mc ρm L
T
m L
L
m L
S
m Ncon f
[GeV3] [fm] [fm] [fm]
N. C. 0.0551(3) 70.7(4) 28.4(5) 42.3(5) 100
0 0.0561(3) 72.0(4) 29.8(6) 42.3(6) 100
1 0.0587(3) 75.4(4) 30.2(7) 45.2(6) 100
2 0.0698(3) 89.7(4) 47.1(7) 42.6(6) 100
3 0.0820(4) 105.3(5) 65.0(6) 40.3(5) 100
4 0.1007(4) 129.4(5) 89.1(5) 40.3(3) 100
5 0.1182(4) 151.9(5) 112.0(6) 39.9(3) 100
6 0.1348(5) 173.2(6) 131.9(6) 41.2(4) 100
cm
0 1 2 3 4 5 6
 
[fm
]
mL
20
40
60
80
100
120
140
160
180
200
, Normal confTmL
, Additional monopolesTmL
, Normal confLmL
, Additional monopolesLmL
, Normal confSmL
, Additional monopolesSmL
FIG. 1. The physical length of monopole loops Lm vs. the magnetic
charge mc. L
T
m, L
L
m, and L
S
m indicate the total length of the loops, the
longest loops, and the short loops, respectively.
the coherent state and produces only the long monopole loops
in the configurations.
Hereafter, we do not transform the SU(3) matrix under a
particular gauge condition, nor do we apply the Abelian pro-
jection on the gauge links of the non-Abelian.
III. ZEROMODES OF THE OVERLAP FERMIONS,
INSTANTONS, ANDMONOPOLES
In this section, we briefly explain the Dirac operator of the
overlap fermions. We calculate the eigenvalues and eigenvec-
tors of the overlap Dirac operator using the normal configu-
rations and the configurations with the additional monopoles
and anti-monopoles. The total number of instantons and anti-
instantons in the configurations are estimated from the square
of the topological charges. We show the quantitative rela-
tion between instantons and monopoles by comparing with
our predictions.
A. Overlap fermions
In lattice gauge theory, chiral symmetry is expressed by the
following Ginzburg-Wilson relation [58]:
γ5D+Dγ5 =
a
ρ
Dγ5D, D
† = γ5Dγ5. (11)
The operator D denotes the Dirac operator of the overlap
fermions that satisfy chiral symmetry [59–61]. The Dirac op-
erator is defined by the Hermitian Wilson Dirac operator HW
as follows:
D(ρ) =
ρ
a
(
1+
γ5HW (ρ)√
HW (ρ)†HW (ρ)
)
(12)
The Hermitian Wilson Dirac operator HW is
HW (ρ) = γ5
(
DW − ρ
a
)
. (13)
The parameter ρ is a real-valued mass parameter. We set ρ =
1.4 [86]. The massless Wilson Dirac operator DW is defined
as (A1).
The overlap Dirac operator is approximated by using the
following sign function:
HW (ρ)√
HW (ρ)†HW (ρ)
≡ sign(HW (ρ)). (14)
Finally, the overlap Dirac operator is derived as follows:
D(ρ) =
ρ
a
[1+ γ5sign(HW (ρ))] (15)
We construct the Wilson Dirac operatorDW from the gauge
linksUn,µ of the SU(3) matrix and calculate the sign function
by using the polynomial approximations. We then solve the
eigenvalue problems D|ψi〉 = λi|ψi〉 by using the subroutines
(ARPACK) and retain 100 pairs of the low-lying eigenvalues
and eigenvectors for one configuration. The index i indicates
the number of pairs.
In this study, we use the numerical methods explained in
Ref. [70] to calculate the overlap Dirac operator. We directly
calculate the overlap Dirac operator from the gauge links of
the non-Abelian without using the smearing method or the
cooling method.
B. The zero modes, instantons, and monopoles
There are fermion zero modes in the spectra of the eigenval-
ues of the overlap Dirac operator. The number of zero modes
of the positive chirality is n+, and the number of zero modes
of the negative chirality is n−. The topological charge is de-
fined as Q = n+− n−, and the topological susceptibility 〈Q
2〉
V
is calculated from the topological charges.
As mentioned in the previous study [57], however, we have
never detected the zero modes of the positive chirality and the
zero modes of the negative chirality from the same configura-
tion simultaneously. The zero modes that we observe in our
6TABLE IV. Comparisons of the number of zero modes NZ , the total number of instantons and anti-instantons NI , and the instanton densities
with the prediction values. The superscript Pre indicates a predicted value. The lattice is V = 183×32, β = 6.0522.
mc N
Pre
Z NZ N
Pre
I NI
NPreI
V
[GeV4]
NI
V
[GeV4]
(
NPreI
V
) 1
2
[GeV2]
(
NI
V
) 1
2
[GeV2]
(
NPreI
V
) 1
4
[MeV]
(
NI
V
) 1
4
[MeV] Ncon f
×10−3 ×10−3 ×10−2 ×10−2
Normal conf 2.5748 2.48(7) 10.414 9.7(5) 1.6000 1.48(7) 4.0000 3.85(9) 200.00 196(2) 800
0 2.5748 2.66(7) 10.414 10.8(5) 1.6000 1.66(8) 4.0000 4.07(9) 200.00 202(2) 800
1 2.6975 2.65(7) 11.414 11.3(6) 1.7536 1.73(9) 4.1877 4.16(10) 204.64 204(3) 838
2 2.8144 2.91(8) 12.414 13.6(7) 1.9073 2.09(11) 4.3672 4.57(12) 208.98 214(3) 810
3 2.9265 3.03(9) 13.414 15.0(8) 2.0609 2.31(12) 4.5397 4.81(12) 213.07 219(3) 800
4 3.0343 3.14(8) 14.414 15.7(8) 2.2146 2.42(12) 4.7059 4.92(12) 216.93 222(3) 868
5 3.1383 3.23(9) 15.414 16.5(8) 2.3682 2.54(13) 4.8664 5.04(12) 220.60 224(3) 810
6 3.2388 3.29(9) 16.414 17.7(9) 2.5219 2.72(14) 5.0218 5.22(13) 224.09 228(3) 870
simulations are the topological charges. Another group [87]
has already reported similar results. We suppose that we can-
not separately detect the zero modes of both the positive chi-
rality and the negative chirality because of the effects of the
finite lattice volume. The number of zero modes, which we
observe in our simulations, is the absolute value of the topo-
logical charge NZ = |Q|.
The total number of instantons and anti-instantonsNI in the
lattice volume V is analytically computed from the square of
the topological charges 〈Q2〉 of the lattice volume V as fol-
lows [57, 87]:
NI = 〈Q2〉 (16)
The value 〈O〉 indicates the average value given by the sum
of the samples divided by the number of configurations. The
number density of the instantons and anti-instantons corre-
sponds to the topological susceptibility.
The total number of instantons and anti-instantons of the
normal configuration, which is calculated from formula (16),
is NI = 9.7(5). The number density of the instantons and anti-
instantons of the normal configurations is
NI
V
= 1.48(7)× 10−3 [GeV4]. (17)
The number density ρI of the instantons (or anti-instantons)
computed in the instanton liquid model [88] is ρI = 8 ×
10−4 [GeV4]. We suppose CP invariance; thus, the number
density of the instantons and anti-instantons in the volume V
is
2ρI =
NI
V
= 1.6× 10−3 [GeV4]. (18)
The total number of instantons and anti-instantons in the phys-
ical volumeVphys = 9.8582 (V = 18
3× 32, β = 6.0522) is
NPreI = 10.4138 (V = 18
3× 32, β = 6.0522). (19)
These results are reasonably consistent with the analytical re-
sults (17) and NI = 9.7(5), respectively; therefore, we can
properly calculate the total number of instantons and anti-
instantons NI in the physical volume Vphys from the topologi-
cal chargesQ using formula (16).
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FIG. 2. The total number of instantons and anti-instantons NI vs. the
magnetic charges mc. The blue and black lines indicate the fitting
results.
The total number of instantons and anti-instantons
NPreI (mc) in the physical lattice volume V is predicted using
the result (19) as follows:
NPreI (mc) = 2ρIV +mc (20)
= 10.4138+mc (21)
To evaluate howmanymonopoles create instantons in the con-
figurations, we fit the linear function NI(mc) = Amc+B to the
prediction and the numerical results of NI , as shown in Fig. 2.
The fitting results are as follows:
APre = 1.0000, BPre = 10.414, χ2/d.o. f .= 0.0/5.0 (22)
A= 1.23(13), B= 10.7(4), χ2/d.o. f .= 2.9/5.0 (23)
The fitting result of the intercept B is consistent with the pre-
diction BPre, the value of χ2/d.o. f . is 0.6, and the slope A is
approximately 1.
Moreover, we can analytically predict the numbers of zero
modes NPreZ , which are detected in our simulations, using the
prediction (19). The analytic formulas are given in appendix
B of Ref. [57] (we give the analytic formulas for magnetic
charges mc = 5 and 6 in appendix B).
7We list the results of the number of zero modes NZ that we
observed, the total number of instantons and anti-instantons
NI , and instanton density
NI
V
, as shown in Table IV. The
predictions generated using the formulas in appendix B of
Ref. [57], appendix B, and (21) are indicated with the super-
script Pre in the same table. We calculate the square root and
one-fourth root of the instanton densities to generate predic-
tions of the chiral condensate and the decay constant, and we
list the results in the same table.
TABLE V. The results of 〈δ 2〉 and the correction term O(V−1) ob-
tained by fitting the distribution functions.
mc 〈δ 2〉 O(V−1) χ2/d.o. f . Ncon f
0 10.1(5) -3(3)×10−2 28.32/19.0 800
1 10.1(6) -1(3)×10−2 12.1/19.0 838
2 11.2(8) -3(3)×10−2 27.7/22.0 810
3 11.7(9) -3(3)×10−2 23.6/22.0 800
4 11.5(8) -1(3)×10−2 12.4/21.0 868
5 10.9(1.0) -3(3)×10−2 27.8/22.0 810
6 10.6(9) -3(3)×10−2 24.1/24.0 870
The distribution of the topological charges computed using
the overlap Dirac operator in the quenched QCD becomes the
following Gaussian distribution [69, 89]:
P(Q) =
e
− Q2
2〈δ2〉√
2pi〈δ 2〉
[
1+O(V−1)
]
. (24)
We have made the distribution function of the topological
charges for each magnetic charge mc = 0− 4 using formula
(39) in Ref. [57]. We give the distribution functions (C3) -
(C4) for the magnetic charges mc = 5− 6 in appendix C. The
distribution functions are composed of Gaussian distributions
with the same fitting parameter 〈δ 2〉 and the correction term
O(V−1) as the distribution function (24). We fit these distribu-
tion functions to the distributions of the topological charges.
Table V indicates that the fitting results of 〈δ 2〉 are compat-
ible with each other, the correction terms O(V−1) are zero,
and the values of χ2/d.o. f . are in the range from 0.6 to 1.5.
Moreover, the fitting results of 〈δ 2〉 of the configurations with
the additional monopoles and anti-monopoles are reasonably
consistent with the fitting results of the normal configurations.
Therefore, the monopole creation operator adds the topologi-
cal charges to the configurations without affecting the vacuum
structure.
These results correspond to the results that we have already
obtained [57].
IV. PREDICTIONS OF THE CHIRAL CONDENSATE AND
THE DECAY CONSTANTS
In previous studies [64, 65, 90], we have shown that the
values of the chiral condensate, which is defined as a negative
value, decrease with increasing values of the magnetic charge
mc. We found that the decay constants slightly increase with
increasing values of the magnetic charge mc. However, we
could not explain these results.
In this section, we make predictions for quantitatively ex-
plaining the decreases in the chiral condensate and increases
in the decay constants based on the models concerning the in-
stanton.
A. The predictions of the chiral condensate
The chiral condensate is calculated from the phenomeno-
logical models concerning the instanton [40–44, 91]. As an
important consequence of these models, the value of the chi-
ral condensate decreases in direct proportion to the square root
of the number density of the instantons and anti-instantons.
To quantitatively compare the numerical results in the sec-
tions below, we first show the following consequence of the
chiral condensate calculated from the model of the instanton
vacuum [44].
〈ψ¯ψ〉=− 1
ρ¯
(
piNc
13.2
) 1
2
(
NI
V
) 1
2
(25)
=−2.028× 10−2 [GeV3] =−(272.7 [MeV])3 (26)
Second, the chiral condensate [41] is derived from the Banks-
Casher relation [92] and the low-lying eigenvalues of the
Dirac operator as follows:
〈ψ¯ψ〉=− 1
piρ¯
(
3Nc
2
NI
V
) 1
2
(27)
=−1.621× 10−2 [GeV3] =−(253.1 [MeV])3 (28)
Here, we use the number density of the instantons and anti-
instantons (18). Nc represents the number of colors. The av-
erage size of the instanton [88] is
1
ρ¯
= 6.00× 102 [MeV]. (29)
Third, we estimate the chiral condensate in the chiral limit
(mq → 0) using the Gell-Mann-Oakes-Renner (GMOR) rela-
tion [93] and the experimental results as follows:
〈ψ¯ψ〉=− lim
m¯q→0
(mpiFpi)
2
2m¯q
(30)
=−2.07+0.41−0.18× 10−2 [GeV3] =−(274+18−8 [MeV])3
(31)
Here, we suppose that the Partially Conserved Axial Current
(PCAC) relation holds. We use the following result of the
decay constant in the chiral limit calculated from the chiral
perturbation theory [94]:
F
χPT
0 = lim
mq→0
FPS = 86.2(5) [MeV] (32)
The experimental result of the average mass of the light
quarks [95] is
m¯Exp.q =
mu+md
2
= 3.5+0.7−0.3 [MeV] . (33)
8The experimental result of the pion mass [95] is
m
Exp.
pi± = 139.57061(24) [MeV] . (34)
In the studies of lattice QCD using the overlap Dirac op-
erator, the renormalization group invariant (RGI) scalar con-
densate 〈ψ¯ψ〉MS into the MS-scheme at 2 [GeV] is computed
from the scale parameter Σ in the random matrix theory [77]
〈ψ¯ψ〉MS (2 [GeV]) =−(285± 9 [MeV])3. (35)
The scale is determined from the kaon decay constant.
We have reported the following result of the RGI chiral con-
densate [64] into the MS-scheme at 2 [GeV] using the same
methods as Ref. [77].
〈ψ¯ψ〉MS (2 [GeV]) =−(285± 4 [MeV])3 (36)
The scale is the Sommer scale r0 = 0.5 [fm]. It is important
that these values (35) and (36) are the results in the continuum
limit by the interpolations.
Moreover, the re-normalized chiral condensate [72], which
is estimated using the GMOR relation and the correlation
functions of the operators, into the MS-scheme at 2 [GeV]
is
〈ψ¯ψ〉MS (2 [GeV]) =−(267± 5± 15 [MeV])3. (37)
The scale is determined using the experimental results of the
decay constant and mass of the kaon.
The result of the chiral condensate (26) computed
from the phenomenological model corresponds to these re-
sults (31), (35), (36), and (37). This clearly shows that the
chiral condensate can be properly calculated from the number
density of the instantons and anti-instantons.
To quantitatively explain why the values of the chiral
condensate decrease with increasing values of the magnetic
charges mc, we derive the following relational expression be-
tween the chiral condensate and the magnetic charges mc us-
ing formula (25)
〈ψ¯ψ〉Pre(mc) =− 1
ρ¯
(
piNc
13.2
) 1
2
(
NPreI (mc)
V
) 1
2
. (38)
The total number of instantons and anti-instantons NPreI (mc)
is (20). This prediction indicates that the value of the chiral
condensate decreases in direct proportion to the square root of
the number density of the instanton and anti-instantons. More-
over, the chiral condensate decreases with increasing mag-
netic charge mc.
We calculate the chiral condensates 〈ψ¯ψ〉Pre and 〈ψ¯ψ〉Ins
by substituting the values of
(
NPreI
V
) 1
2
and
(
NI
V
) 1
2
in Table IV
for formula (38). We list the predictions of the chiral conden-
sate in Table VI.
B. The predictions of the decay constants
The decay constant of the pseudoscalar in the chiral limit
F0(mc), which is calculated using the configurations with the
TABLE VI. The predictions of the chiral condensates 〈ψ¯ψ〉Pre and
〈ψ¯ψ〉Ins.
mc 〈ψ¯ψ〉Pre [GeV4] 〈ψ¯ψ〉Ins [GeV4]
Normal conf -2.0280×10−2 -1.95(5)×10−2
0 -2.0280×10−2 -2.06(5)×10−2
1 -2.1231×10−2 -2.11(5)×10−2
2 -2.2142×10−2 -2.32(6)×10−2
3 -2.3016×10−2 -2.44(6)×10−2
4 -2.3859×10−2 -2.49(6)×10−2
5 -2.4672×10−2 -2.56(6)×10−2
6 -2.5460×10−2 -2.65(7)×10−2
additional monopoles and anti-monopoles, is derived from the
number density of the instantons and anti-instantons (20), the
GMOR relation (30), and the prediction of the chiral conden-
sate (38) as follows:
FPre0 (mc) =
1
mpi
(
2m¯q
ρ¯
) 1
2
(
piNc
13.2
) 1
4
(
NPreI (mc)
V
) 1
4
(39)
The decay constant of the pseudoscalar in the chiral limit
FPre0 (0) of the normal configuration (mc = 0) is
FPre0 (0) = 85
+9
−4 [MeV]. (40)
Here, we use formula (39) and results (18), (29), (33),
and (34). This result is clearly consistent with result (32) of
the chiral perturbation theory. Therefore, we can properly pre-
dict the decay constant of the pseudoscalar in the chiral limit
using formula (39). The large errors of (40), however, come
from the experimental result of the average mass of the light
quarks. We do not consider the errors of the experimental
results for convenience to compare the prediction with the nu-
merical results.
TABLE VII. The predictions of the decay constants FPre0 and F
Ins
0 .
mc F
Pre
0 F
Ins
0
[MeV] [MeV]
Normal conf 85.366 83.8 (1.0)
0 85.366 86.1 (1.0)
1 87.345 87.1 (1.1)
2 89.199 91.3 (1.2)
3 90.943 93.6 (1.2)
4 92.593 94.6 (1.2)
5 94.159 95.8 (1.2)
6 95.650 97.5 (1.2)
We substitute the instanton densities
(
NPreI
V
) 1
4
and
(
NI
V
) 1
4
for formula (39) and calculate FPre0 and F
Ins
0 , respectively.
The predictions
(
NPreI
V
) 1
4
and the numerical results
(
NI
V
) 1
4
are
listed in Table IV. We list the computed results of FPre0 and
F Ins0 in Table VII.
9Additionally, the pion decay constant Fpi is calculated in
the phenomenological model of the instanton vacuum [43] as
follows:
F2pi ∼
2ρ¯2NI
V
[
1
4
ln
(
V
NI
)
− ln ρ¯
]
(41)
The pion decay constant is Fpi = 98.82 [MeV]. Here, we use
the values (18) and (29). The experimental result [95] of the
pion decay constant is
F
Exp.
pi− /
√
2= 130.50(1)(3)(13)/
√
2 [MeV]
= 92.28(12) [MeV]. (42)
The result of the phenomenological model is reasonably con-
sistent with the experimental result. It shows that we can cal-
culate the pion decay constant from the number density of the
instantons and anti-instantons.
V. THE PCAC RELATION, DECAY CONSTANTS, AND
CHIRAL CONDENSATE
In this section, we calculate the correlation functions of the
operators and estimate the re-normalized decay constants, the
mass of the pseudoscalar meson, and the re-normalized chiral
condensate. We inspect the increases in the decay constants
and the decreases in the values of the chiral condensate by
comparing the predictions with the numerical results. We then
quantitatively describe our observations.
A. The correlation functions
We calculate the correlation functions of the operators us-
ing the pairs of the eigenvalues λi and eigenvectors ψi of the
massless overlap Dirac operator D.
We use the technique [96, 97] for calculating the quark
propagators. The advantages of this technique are that we do
not need to solve the eigenvalue problems of the massive over-
lap Dirac operator for each bare quark mass, and the excited
terms of the correlation functions are removed. Therefore, we
can reduce the errors of the results and computing time. The
validity of the results has already been shown in [96, 97].
The quark propagator is defined from the spectral decompo-
sition in the non-relativistic limit, similar to a quantum theory,
as follows:
G(~y,y0;~x,x0)≡∑
i
ψi(~x,x
0)ψ†i (~y,y
0)
λmassi
(43)
The eigenvalues λmassi of the massive overlap Dirac operator
D(m¯q) are calculated from the eigenvalues λi of the massless
overlap Dirac operator D as follows:
λmassi =
(
1− am¯q
2ρ
)
λi+ m¯q (44)
The massive overlap Dirac operator D(m¯q) [59, 60, 98] is de-
fined as follows:
D(m¯q) =
(
1− am¯q
2ρ
)
D+ m¯q (45)
The parameter m¯q is the bare quark mass. In this study, we
set the masses of the light quarks m¯ud and m¯sud composing the
pion and kaon, respectively, as follows:
• Pion
m¯ud ≡ mu+md
2
(46)
• Kaon
m¯sud ≡ ms+ m¯ud
2
(47)
The quark bilinear operators of the scalar OS and the pseu-
doscalar OPS are defined as follows:
OS = ψ¯1
(
1− a
2ρ
D
)
ψ2, O
C
S = ψ¯2
(
1− a
2ρ
D
)
ψ1 (48)
OPS = ψ¯1γ5
(
1− a
2ρ
D
)
ψ2, O
C
PS = ψ¯2γ5
(
1− a
2ρ
D
)
ψ1
(49)
The operator of the axial vector current Aµ is defined as fol-
lows:
Aµ = ψ¯1γµγ5
(
1− a
2ρ
D
)
ψ2, A
C
µ = ψ¯2γµγ5
(
1− a
2ρ
D
)
ψ1
(50)
The superscript C denotes the Hermitian transpose of the op-
erator. The factor
(
1− a
2ρ λ j
)
in the expressions of the quark
bilinear operators comes from the definition of the fermion
field ψ in the overlap notation
ψa(~x,x0)→
(
1− a
2ρ
D
)
ψa(~x,x0), (a= 1,2). (51)
The anti-particle of the fermion in the overlap notation is
ψ¯a(~x,x0)→ ψ¯a(~x,x0), (a= 1,2). (52)
We use the notations and definitions of Ref. [98].
The correlation function of the scalar density is
CSS(∆t) =
a3
V
∑
~x1
∑
~x2, t
〈OCS (~x2, t)OS(~x1, t+∆t)〉. (53)
Similarly, the correlation function of the pseudoscalar density
is
CPS(∆t) =
a3
V
∑
~x1
∑
~x2, t
〈OCPS(~x2, t)OPS(~x1, t+∆t)〉. (54)
We suppose that the field of the axial vector current Aµ ,
which has zero momentum, is the stationary state at point
10
(~x2, t). We compute the correlation function between the par-
tial derivative of the axial vector current and the pseudoscalar
density as follows [73, 74]:
aCAP(∆t) =
a4
V
∑
~x1
∑
~x2, t
〈[
∇∗0A
C
0 (~x2, t)
]
OPS(~x1, t+∆t)
〉
(55)
The partial derivative acts only on the axial vector current Aµ
as follows:
a∇∗0A0(~x,x
0)≡ A0(~x,x
0+ 1)−A0(~x,x0− 1)
2
. (56)
To reduce errors, we calculate the correlation functions be-
tween all spatial sites~x and~y, and moreover, we take the sum
of the temporal sites x0 [97].
In the study of quenchedQCD, the number of zero modes is
not suppressed due to the lattice artefact of the finite volume.
Such zero modes undesirably affect the PCAC relation near
the chiral limit [72, 99, 100]. In particular, we want to pre-
cisely evaluate the catalytic effects of monopoles on the phys-
ical quantities near the chiral limit. To remove the undesirable
effect near the chiral limit due to the zero modes, we subtract
the scalar correlatorCSS from the pseudoscalar correlatorCPS.
The definition of the correlation function [72, 99, 100] is as
follows:
CPS−SS(∆t)≡CPS(∆t)−CSS(∆t) (57)
We vary the bare quark mass in the range 1.296× 10−2 ≤
am¯q ≤ 6.482× 10−2 in the lattice unit, corresponding to the
range 30 [MeV]≤ m¯q ≤ 150 [MeV] in physical units. We cal-
culate the correlation function (57) using the normal configu-
rations and the configurations with the additional monopoles
and anti-monopoles. The numbers of configurations that we
use for the calculations of the correlation functions are listed
in Table IV. We set a lower limit to the bare quark mass so
that the relation mPSLs ≥ 2.4, which is derived from the limit
mpiL≫ 1 of the p-expansion [94], is satisfied. Ls indicates the
spatial length of the lattice in this study.
We suppose that the correlation functionCPS−SS can be ap-
proximated by the following function [71]:
CPS−SS(t) =
a4GPS−SS
amPS
exp
(
−mPS
2
T
)
cosh
[
mPS
(
T
2
− t
)]
.
(58)
We fit this function to the numerical results, obtain the coef-
ficient a4GPS−SS and the pseudoscalar mass amPS, and eval-
uate the decay constants and the chiral condensate. We
set the fitting range so that the fitting value of χ2/d.o. f .
is approximately 1. The fitting results of the coefficient
a4GPS−SS and the pseudoscalar mass amPS are given in Ta-
bles XXIV, XXV, XXVI, and XXVII in appendix D.
Moreover, to calculate the renormalization constant for the
axial vector ZA, we calculate the ratio [71] of the correlation
functions ofCAP andCPS, which is defined as follows:
aρ(∆t)≡ aCAP(∆t)
2CPS(∆t)
(59)
We suppose that the parameter aρ(∆t) becomes constant [72].
We fit the constant function aρ(∆t) = aC to the numerical
results of the ratio (59). The fitting results of aρ(∆t) are
given in Table XXVIII in appendix D. The fitting range is
13≤ t/a≤ 19. The values of χ2/d.o. f . are very large because
the errors of the ratio aρ(∆t) are very small. The numbers of
configurations that we use for the computations are given in
Table IV.
B. The PCAC relation
We analyse the effects of the additionalmonopoles and anti-
monopoles on the PCAC relation by comparing the results cal-
culated using the normal configurations and the configurations
with the additional monopoles and anti-monopoles. We sup-
pose that the PCAC relation [38] holds between the square
of the pseudoscalar mass m2PS and the bare quark mass m¯q as
follows:
m2PS = Am¯q (60)
In this expression, the coefficient A is a constant number
that includes the factor 2 derived from the equations 2m¯q =
mi+m j. The subscripts i, j indicate the flavors of quarks. The
bare quark mass m¯q is defined as (46) and (47).
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FIG. 3. The PCAC relation. The coloured symbols indicate the nu-
merical results, and the coloured lines indicate the fitting results in
Table VIII.
The chiral perturbation theory predicts that the logarithmic
divergence near the chiral limit appears in the correlation be-
tween the square of the pseudoscalar mass and the bare quark
mass [101]. Therefore, we investigate the logarithmic diver-
gence in the range of the bare quark mass 10 [MeV] ≤ m¯q ≤
150 [MeV]; however, we have not observed the chiral loga-
rithms.
We fit a linear function (amPS)
2 = aA(1)am¯q+ a
2B to the
numerical results of the square of the pseudoscalar mass
(amPS)
2, as shown in Fig. 3. The fitting ranges are deter-
mined such that the values of χ2/d.o. f . are approximately
1. The fitting results of the slope aA(1), the intercept a2B, and
the values of χ2/d.o. f . are given in Table VIII. The fitting
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TABLE VIII. The results of the slope aA(1) and the intercept a2B
obtained by fitting the function (amPS)
2 = aA(1)am¯q + a
2B to the
numerical results.
mc aA
(1) a2B FR(am¯q) χ
2/d.o. f .
×10−3 ×10−2
Normal conf 1.63(2) -1.4(7) 2.5 - 4.8 9.0/9.0
0 1.64(2) -1.6(8) 2.5 - 4.8 9.4/9.0
1 1.65(2) -2.4(8) 2.5 - 4.6 7.9/8.0
2 1.63(2) -1.1(9) 2.8 - 4.8 8.0/8.0
3 1.63(2) -0.5(9) 2.8 - 4.8 8.2/8.0
4 1.623(19) -0.5(6) 2.1 - 4.4 9.3/9.0
5 1.620(17) -0.3(5) 2.5 - 4.6 8.0/8.0
6 1.64(2) -0.4(8) 2.8 - 4.8 8.4/8.0
results of the intercept a2B are almost zero. Therefore, the
additional monopoles and anti-monopoles do not affect the
intercept a2B.
To reduce the errors coming from the number of free pa-
rameters of the fitting, we suppose the direct proportion and
fit the following function (amPS)
2 = aA(2)am¯q to the numer-
ical results. We do not vary the fitting ranges. The fitting
results of the slope aA(2) and values of χ2/d.o. f . are listed in
Table IX. The values of χ2/d.o. f . are from 0.9 to 1.7. Fig. 4
shows that the additional monopoles and anti-monopoles do
not affect the values of the slopes A(1) and A(2). In the sec-
tions below, we calculate the renormalization constant ZS for
the scalar density and the light quark masses using the fitting
results of the slope A(2).
TABLE IX. The fitting results of the slope aA(2).
mc aA
(2) FR(am¯q) χ
2/d.o. f .
×10−2
Normal conf 1.594(4) 2.5 - 4.8 12.7/10.0
0 1.600(4) 2.5 - 4.8 13.5/10.0
1 1.586(4) 2.5 - 4.6 15.7/9.0
2 1.601(4) 2.8 - 4.8 9.5/9.0
3 1.619(4) 2.8 - 4.8 8.5/9.0
4 1.607(4) 2.1 - 4.4 9.9/10.0
5 1.628(4) 2.5 - 4.6 8.1/9.0
6 1.628(4) 2.8 - 4.8 8.7/9.0
As a consequence of this subsection, the fitting results of
the slope and intercept indicate that the additional monopoles
and anti-monopoles do not affect the PCAC relation. This
result indicates that even if the average masses of the light
quarks become heavy by increasing the values of the magnetic
charges mc of the additional monopole and anti-monopole,
formula (39) is unaffected because the PCAC relation holds.
C. The renormalization constants ZS and ZA
First, we determine the renormalization constant ZˆS for the
scalar density by the non-perturbative calculations [76, 77].
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FIG. 4. Comparisons of the fitting results of the slopes aA(1) and
aA(2).
TABLE X. The renormalization constants ZˆS and ZA. The lattice
volume is V = 183×32, and β = 6.0522.
mc ZˆS ZA
Normal conf 0.93(3) 1.3822(5)
0 0.93(3) 1.3805(5)
1 0.93(3) 1.3860(5)
2 0.93(3) 1.3997(5)
3 0.92(3) 1.4132(5)
4 0.92(3) 1.4319(5)
5 0.91(3) 1.4413(5)
6 0.91(3) 1.4502(5)
There is the relation [102] between the renormalization con-
stant Zm for the bare quark mass m¯q of the massive overlap
Dirac operator (45) and the renormalization constant ZˆS for
the bare scalar density as follows:
ZˆS =
1
Zm
(61)
We calculate the bare quarkmass m¯qr0 at the referencemass
(mPSr0)
2
re f . = 1.5736 [76] of the kaon using the fitting results
of the slope A(2) in Table IX. Here, we convert the scale in the
lattice unit a into the physical scale using the Sommer scale
r0 = 0.5 [fm]. We then compute the renormalization constant
ZˆS by substituting the computed results of the bare quark mass
for the following formula:
ZˆS(g0) =
1
Zm(g0)
=
(m¯qr0)(g0)
UM
∣∣∣∣
(mPSr0)
2
re f .
. (62)
The bare quark mass m¯qr0 and the renormalization constants
ZS and Zm rely on the bare coupling g0. The factor UM is the
renormalization group-invariant quark mass. We use the result
UM = 0.181(6) from Ref. [76]. The results of ZˆS, which we
calculate using the latticeV = 183×32, β = 6.0522, are given
in Table X.
To confirm our calculations, we set the same value of the
parameter β = 6.0000 for the lattice spacing as from another
12
group [77] and calculate the renormalization constant ZˆS us-
ing the normal configurations. Our result is ZˆS = 0.95(3)
(V = 163× 32, β = 6.0000). The numerical result of the
group [77] is ZˆS = 1.05(5) (V = 16
4, β = 6.0000). Our re-
sult is approximately 10% smaller than the result of the other
group [77]. We suppose that this is because we remove the
excited states of the correlation functions.
Next, we calculate the renormalization constant ZA for the
axial vector current using the following relation [72]:
aρ =
1
ZA
am¯q. (63)
The numerical results of the ratio aρ of the correlation func-
tions are listed in Table XXVIII in appendix D.
qma
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
ρa
0
0.005
0.01
0.015
0.02
0.025
Normal conf
 = 0cm
 = 1cm
 = 2cm
 = 3cm
 = 4cm
 = 5cm
 = 6cm
FIG. 5. The ratio aρ of the correlation functions vs. the bare quark
mass am¯q. The coloured lines indicate the fitting results in Table XI.
We fit the linear function aρ = Aam¯q+aB to the numerical
results of aρ , as shown in Fig. 5. The fitting ranges are deter-
mined such that the values of χ2/d.o. f . are approximately 1.
The fitting results of the slope A, intercept aB, and χ2/d.o. f .
are given in Table XI. Table XI indicates that the values of the
intercept aB are very small, as mentioned in Ref. [103]. Fi-
nally, the renormalization constant ZA is calculated by taking
the inverse of the fitting result of the slope A.
We list the computed results for ZA in Table X. The val-
ues of the renormalization constant ZA slightly increase with
increasing magnetic charge mc. We suppose that this results
from the effects of the finite lattice volume.
We compare our numerical result of ZA, which is calculated
using the normal configurations (V = 163× 32, β = 6.0000),
with the computed results of other groups. Our result is
ZA = 1.4247(4) (V = 16
3× 32, β = 6.0000). The computed
results by other groups are ZA = 1.55(4) (V = 16
3× 32, β =
6.0000) [103] and ZA = 1.553(2) (V = 16
4, β = 6.0000) [77].
Our result is approximately 8% smaller than the results of
other groups. Therefore, we assume the same rationale as the
computed result of ZˆS.
TABLE XI. The fitting results of the slope A and intercept aB ob-
tained by fitting the function aρ = Aam¯q+aB.
mc A aB FR(am¯q) χ
2/d.o. f .
×10−4 ×10−2
Normal conf 0.7235(3) -1.40(5) 1.2 - 3.1 6.6/7.0
0 0.7244(2) -1.38(5) 1.2 - 3.1 7.6/7.0
1 0.7215(3) -1.35(5) 1.2 - 3.1 5.6/7.0
2 0.7144(2) -1.51(5) 1.2 - 3.1 7.4/7.0
3 0.7076(3) -1.46(5) 1.2 - 3.1 6.2/7.0
4 0.6984(2) -1.31(5) 1.2 - 3.1 5.9/7.0
5 0.6938(2) -1.42(5) 1.2 - 3.1 7.9/7.0
6 0.6895(2) -1.43(5) 1.2 - 3.1 6.8/7.0
D. The decay constant of the pseudoscalar FPS
In this subsection, we first calculate the decay constant FPS
of the pseudoscalar using the fitting results of the correlation
functions. We then quantitatively compare the numerical re-
sults of the decay constants with the predictions calculated
from the number density of the instantons and anti-instantons
in subsection IVB. We then show that the decay constants in-
crease with increasing number density of the instantons and
anti-instantons.
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FIG. 6. The decay constant of the pseudoscalar aFPS vs. the square
of the pseudoscalar mass (amPS)
2. The coloured symbols represent
the numerical results. The coloured lines indicate the fitting results
in Table XII. The dotted line of the black colour indicates the fitting
result of the normal configuration.
The decay constant of the pseudoscalar FPS is defined as
follows [72]:
aFPS =
2am¯q
√
a4GPS−SS
(amPS)2
(64)
In this notation, the pion decay constant is Fpi = 93 [MeV].
We calculate the decay constant aFPS using the fitting re-
sults of the coefficient a4GPS−SS and pseudoscalar mass amPS
at the bare quark mass am¯q. The results of the decay con-
stant aFPS, which are calculated using the normal configu-
rations and the configurations with the additional monopoles
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and anti-monopoles, are given in Tables XXIV, XXV, XXVI,
and XXVII in appendix D.
Fig. 6 shows the correlation between the decay constant
aFPS of the pseudoscalar and the square of the pseudoscalar
mass (amPS)
2. This demonstrates that the logarithmic diver-
gence does not appear near the chiral limit and that the decay
constant aFPS linearly increases with increasing square mass
(amPS)
2. These behaviours correspond to the features that are
analogized from the SU(2) Lagrangian in the quenched chiral
perturbation theory [104].
In the studies of the overlap Dirac operator in quenched
QCD, these features have already been mentioned by other
groups [96, 105]. Therefore, we fit the following formula de-
rived from the quenched chiral perturbation theory [104] to
the numerical results:
aFPS = aF0
[
1+ 4Lq5
(amPS)
2
(aF0)2
]
. (65)
The factor L
q
5 is similar to a low-energy constant in the
quenched chiral perturbation theory [104]. We suppose that
the PCAC relation holds. Therefore, the decay constant FPS in
the chiral limit m¯q → 0 corresponds to F0 as follows:
lim
m¯q→0
FPS = F0 (66)
The results of aF0 and L
q
5 obtained by fitting formula (65)
are listed in Table XII. The fitting results of L
q
5 are approxi-
mately 2.5 times larger than the result of another group [106].
This has been explained in the study using the overlap Dirac
operator [96]. The fitting results demonstrate that the intercept
aF0 increases with increasing magnetic charge mc; however,
the slope L
q
5 does not vary.
TABLE XII. The results obtained by fitting the function (65).
mc aF0 L
q
5 FR[(amPS)
2] χ2/d.o. f .
×10−2 ×10−3 ×10−2
Normal conf 3.08(5) 1.93(4) 1.8 - 10.0 9.4/19.0
0 3.06(6) 1.93(4) 1.8 - 10.0 8.7/19.0
1 3.15(6) 1.95(5) 1.8 - 10.0 9.5/19.0
2 3.24(5) 1.98(5) 1.8 - 10.0 9.7/19.0
3 3.29(5) 1.97(5) 1.9 - 10.1 9.7/19.0
4 3.29(6) 2.07(5) 1.9 - 9.7 7.6/19.0
5 3.37(5) 2.01(5) 1.9 - 10.1 8.4/19.0
6 3.41(5) 1.98(5) 1.9 - 10.1 9.9/19.0
To quantitatively demonstrate the reason for increasing the
decay constants with increasing magnetic charge mc, we cal-
culate the re-normalized decay constants Fˆ0 and Fˆpi . The re-
normalized decay constant of the pseudoscalar is defined as
follows:
FˆPS = ZAFPS (67)
The renormalization constants ZA are shown in Table X.
First, we compare the computed result of the re-normalized
decay constant Fˆ0 with the results obtained by other groups.
The re-normalized decay constant Fˆ0 of the normal configura-
tions (V = 183× 32, β = 6.0522) is
Fˆ0 = 98.4(1.7) [MeV]. (68)
The numerical results of the re-normalized decay constants
Fˆ , which are calculated in the ε-regime and the p-regime by
other groups [96, 105], are as follows:
• ε-regime (V = 164, β = 6.0000)
Fˆ = 102(4) [MeV] (69)
• p-regime (V = 163× 24, β = 6.0000)
Fˆ = 104(2) [MeV] (70)
• A weighted average computed from the results of ε-
regime and p-regime
Fˆ = 108.6(2.4) [MeV] (71)
Our result of Fˆ0 is slightly smaller than the results of other
groups because the renormalization constant ZA is smaller
than that of other groups, as mentioned in subsection VC.
To clearly show the difference, we calculate the re-
normalized decay constant Fˆ0 using the normal configura-
tions of the lattice volume V = 163× 32 and the same value
β = 6.0000 as Ref. [96]. If we use the renormalization con-
stant ZA = 1.553(2) (β = 6.0000, V = 16
4) of Ref. [77], our
result is Fˆ0 = 107.8(1.6) [MeV] (V = 16
3× 32, β = 6.0000).
This result is consistent with the computed results (69), (70),
and (71) of other groups. However, if we use the renormal-
ization constant ZA = 1.4247(4) (β = 6.0000,V = 16
3×32),
the decay constant is Fˆ0 = 98.9(1.5) [MeV] (V = 16
3× 32,
β = 6.0000). This result corresponds to (68).
These results indicate that we can correctly calculate the
decay constant from the correlation functions. The numeri-
cal result (68), however, is approximately 15% larger than the
result of the chiral perturbation theory (32) and the predic-
tion (40). The computed results of the re-normalized decay
constants Fˆ0 are listed in Table XIII.
TABLE XIII. The numerical results of the re-normalized decay con-
stants Fˆ0 and Fˆpi . The lattice volume is V = 18
3×32, β = 6.0522.
mc Fˆ0 [MeV] Fˆpi [MeV]
Normal conf 98.4(1.7) 101.3(1.7)
0 97.7(1.8) 100.7(1.7)
1 101.0(1.8) 103.8(1.7)
2 105.0(1.7) 107.9(1.7)
3 107.7(1.8) 110.5(1.7)
4 109.0(1.9) 112.0(1.9)
5 112.4(1.8) 115.3(1.7)
6 114.4(1.7) 117.3(1.7)
Now, we compare the predictions FPre0 and F
Ins
0 , which are
calculated from the number density of the instantons and anti-
instantons with the numerical results of the re-normalized de-
cay constant Fˆ0, as shown in Fig. 7. The predictions F
Pre
0 and
F Ins0 are given in Table VII.
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merical results Fˆ0. The solid lines indicate the results obtained by
fitting the curve (72).
To quantitatively compare the re-normalized decay constant
of the numerical result with the prediction (39), we fit the fol-
lowing function:
F0 = A1
(
NI
V
) 1
4
+B. (72)
The fitting results are A1 = 0.53(7), B= −7(15) [MeV], and
χ2/d.o. f .= 2.2/6.0. The intercept B is zero, and the value of
χ2/d.o. f . is approximately 0.4.
Similarly, we fit the same curve to the predictions of F Ins0 ,
as shown in Fig. 7. The fitting results are APre1 = 0.43(5), B=
−1× 10−3(11) [MeV], and χ2/d.o. f . = 0.0/6.0. The fitting
result of the slope A1 is consistent with the predicted slope
APre1 .
These results clearly show that the decay constant Fˆ0 in-
creases in direct proportion to the one-fourth root of the num-
ber density of the instantons and anti-instantons. The slope
of the numerical calculations is consistent with the slope of
the prediction (39). However, the error of the slope A1 ob-
tained by fitting is more than 13%. Moreover, the numerical
result (68) is larger than the result of the chiral perturbation
theory (32) and the prediction (40). Accordingly, we improve
the computations in the next section.
Next, we substitute the fitting results of aF0, L
q
5, and the
experimental result of the pion mass (34) for formula (65).
We estimate the re-normalized pion decay constant Fˆpi at the
physical pion mass. The re-normalized pion decay constant
Fˆpi calculated using the normal configurations is
Fˆpi = 101.3(1.7) [MeV]. (73)
This result is consistent with the result Fpi = 98.82 [MeV],
which is computed in the phenomenologicalmodel [43]; how-
ever, this value is approximately 10% larger than the experi-
mental result (42). We list the computed results of the re-
normalized decay constants Fˆpi in Table XIII.
These numerical results suggest that the re-normalized de-
cay constants Fˆ0 and Fˆpi increase in direct proportion to the
one-fourth root of the number density of the instantons and
anti-instantons.
E. The chiral condensate
In this subsection, we compare the values of the re-
normalized chiral condensate into theMS-scheme at 2 [GeV],
which are calculated from the correlation functions with the
predictions that are calculated from the number density of the
instantons and anti-instantons.
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FIG. 8. The chiral condensate a3〈ψ¯ψ〉 vs. the square of the pseu-
doscalar mass (am¯PS)
2. The coloured symbols and lines represent
the numerical results and the fitting results in Table XIV, respec-
tively. The dotted line indicates the fitting results of the normal con-
figuration.
The chiral condensate is derived from the GMOR rela-
tion (30) and formula (64) as follows:
a3〈ψ¯ψ〉GMOR =− lim
am¯q→0
(amPS)
2(aFPS)
2
2am¯q
(74)
=− lim
(am¯PS)2→0
2am¯qa
4GPS−SS
(amPS)2
(75)
We substitute the fitting results of a4GPS−SS and amPS at
the bare quark mass am¯q for the second expression (75)
and calculate the chiral condensate a3〈ψ¯ψ〉GMOR. We
list the computed results of the chiral condensate calcu-
lated using the normal configurations and the configurations
with the additional monopoles and anti-monopoles in Ta-
bles XXIV, XXV, XXVI, and XXVII in appendix D.
Fig. 8 shows that there are no logarithmic divergences near
the chiral limit and that the values of the chiral condensate
a3〈ψ¯ψ〉GMOR linearly decrease with increasing square of the
pseudoscalar mass (amPS)
2. Therefore, we interpolate the val-
ues of the chiral condensate in the chiral limit (amPS)
2→ 0 by
fitting the linear function
a3〈ψ¯ψ〉= aA(amPS)2+ a3B (76)
to the computed results. The fitting results of the slope aA, in-
tercept a3B, and values of χ2/d.o. f . are given in Table XIV.
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TABLE XIV. The results of the slope aA and intercept a3B obtained
by fitting the function (76). The re-normalized chiral condensate
〈ψ¯ψ〉GMOR
MS
into MS-scheme at 2 [GeV]. The scale is the Sommer
scale r0 = 0.5 [fm].
mc aA a
3B 〈ψ¯ψ〉GMOR
MS
[GeV3] FR χ2/d.o. f .
×10−2 ×10−4 ×10−2 ×10−2
N. C. -1.85(3) -5.62(18) -1.72(8) 1.8 - 10.0 29.0/19.0
0 -1.86(4) -5.59(18) -1.70(8) 1.8 - 11.0 28.0/19.0
1 -1.84(4) -5.97(19) -1.83(8) 1.8 - 9.9 24.9/19.0
2 -1.84(4) -6.67(19) -2.03(9) 1.8 - 10.0 19.9/19.0
3 -1.83(4) -7.00(19) -2.11(9) 1.9 - 11.0 22.2/19.0
4 -1.81(4) -7.5(2) -2.28(10) 1.9 - 9.7 10.7/19.0
5 -1.82(4) -7.8(2) -2.33(10) 1.9 - 11.0 15.2/19.0
6 -1.83(4) -7.71(19) -2.31(10) 1.9 - 11.0 20.1/19.0
All data points are included in the fitting ranges, and the val-
ues of χ2/d.o. f . range from 0.6 to 1.5; accordingly, we can
properly fit the linear function to the computed results. Ta-
ble XIV indicates that if we increase the magnetic charge mc,
the values of the chiral condensate decrease, whereas the fit-
ting results of the slope aA do not vary.
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FIG. 9. Comparisons of the re-normalized chiral condensate
〈ψ¯ψ〉GMOR
MS
with the predictions 〈ψ¯ψ〉Pre and 〈ψ¯ψ〉Ins. The solid
blue and black lines indicate the results obtained by fitting func-
tion (79).
We define the re-normalized chiral condensate into theMS-
scheme at 2 [GeV] as follows:
〈ψ¯ψ〉GMOR
MS
(2 [GeV])≡ ZSZ
2
A
0.72076
〈ψ¯ψ〉GMOR (77)
We use the value m¯MS(µ)/M = 0.72076 (µ = 2 [GeV]) in
Ref. [107], the computed results of the renormalization con-
stant ZS in Table X, and the renormalization constant ZA =
1.3822(5) of the normal configuration. We list the computed
results of the re-normalized chiral condensate in Table XIV.
The numerical result of the re-normalized chiral conden-
sate in theMS-scheme at 2 [GeV] computed using the normal
configuration is
〈ψ¯ψ〉GMOR
MS
(2 [GeV]) =−1.72(7)× 10−2 [GeV3]
=−(258(4) [MeV])3. (78)
This result is reasonably consistent with the results of the phe-
nomenological models (26) and (28), the value derived using
the experimental results (31), and the result of the numerical
computations by another group (37). Therefore, we can cor-
rectly compute the re-normalized chiral condensate.
To quantitatively compare prediction (38) with the numer-
ical results, we fit the following function to the computed re-
sults of 〈ψ¯ψ〉GMOR
MS
, as shown in Fig. 9:
〈ψ¯ψ〉=−A1
(
NI
V
) 1
2
+B. (79)
The results obtained by fitting function (79) are A1 =
0.52(8) [GeV], B = 3(4)× 10−3 [GeV3], and χ2/d.o. f . =
2.0/6.0. The fitting result of the intercept B is zero, and the
value of χ2/d.o. f . is 0.3.
Similarly, we fit the function (79) to the predictions
〈ψ¯ψ〉Ins in Table VI. The fitting results are APre1 =
0.51(6) [GeV], B = 3 × 10−3(8 × 10−8) [GeV3], and
χ2/d.o. f .= 0.0/6.0. The slope A1 obtained by the numerical
computations corresponds to the slope APre1 of prediction (38).
These results demonstrate that the value of the chiral con-
densate decreases in direct proportion to the square root of the
number density of the instantons and anti-instantons. The pro-
portionality constant of the numerical result is consistent with
the result of the phenomenological model. The error of the
slope A1, however, is more than 15%. Therefore, we improve
the computational method in the next section.
VI. THE CATALYTIC EFFECTS OF MONOPOLES
We have quantitatively demonstrated that the decay con-
stant of the pseudoscalar increases and that the values of the
chiral condensate decrease when varying the magnetic charge.
There is no significant sense to directly compare the ob-
tained results with the experimental results because the results
are calculated in quenchedQCD, and those results do not have
any physical sense. We, however, want to show the catalytic
effects of monopoles in QCD on observables.
In this section, we first determine the normalization factors
by matching the numerical results with the experimental re-
sults of the pion and kaon. We then re-estimate the decay
constants and the chiral condensate using the normalization
factors. We suppose that the light quark masses become heavy
by increasing the magnetic charge. Therefore, we estimate the
catalytic effects of monopoles on the masses of the mesons
and light quarks. Finally, we evaluate the catalytic effects of
monopoles on the decay width and the lifetime of the charged
pion using the computed results as the input values.
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A. The normalization factors
When determining the scale of the lattice [72, 108] by
matching the experimental results with the numerical results,
we suppose that there is the possibility that the final results in
physical units are overestimated or underestimated by multi-
plying or dividing by the surplus factor together with the lat-
tice spacing. Therefore, we improve the calculation method
in Refs. [72, 108]. We set the scale of the lattice to that ana-
lytically calculated (a = 8.5274× 10−2 [fm]). We match the
numerical results of the decay constant aFPS and the square
of the mass (amPS)
2 with the experimental results of the pion
and kaon and determine the normalization factors.
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FIG. 10. The decay constant aFPS vs. the square of the mass
(amPS)
2. The black symbols are the numerical results of the normal
configurations. The results obtained by fitting the linear function are
indicated by the black dotted line. The solid red and blue curves
indicate equations (80) and (81), respectively.
First, we fit the linear function aFPS = a
−1A(amPS)2+ aB,
which is defined without using chiral perturbation theory, to
data points on the planes of aFPS and (amPS)
2, as shown
in Fig. 10. The normal configurations are used. The fit-
ting results are a−1A= 0.251(10), aB= 3.08(5)× 10−2, and
χ2/d.o. f . = 9.4/19.0. All data points are included in the
fitting range. The value of χ2/d.o. f . is 0.5. The fitting re-
sult of the intercept aB completely corresponds with the result
aF0 = 3.08(5)×10−2 obtained by fitting the function of chiral
perturbation theory.
We make two equations concerning the pion and kaon using
the experimental results [95] as follows:
aFPS =C
Exp.
pi amPS, C
Exp.
pi =
F
Exp.
pi−√
2m
Exp.
pi±
=
92.277
139.57061
(80)
aFPS =C
Exp.
K amPS, C
Exp.
K =
F
Exp.
K−√
2m
Exp.
K±
=
110.11
493.677
(81)
We do not consider the errors of the experimental results be-
cause they are much smaller than the errors of the numerical
results. We plot these equations in Fig. 10.
We then analytically compute the intersections between the
linear function obtained by fitting, equations (80) and (81).
We list the computed results of the intersections at pion (aFpiPS,
ampiPS) and kaon (aF
K
PS, am
K
PS) in Table XVII. The normaliza-
tion factors Zpi and ZK for the pion and kaon are estimated
using these results as follows:
• Zpi for the pion
Zpi =
F
Exp.
pi−√
2FpiPS
=
m
Exp.
pi±
mpiPS
= 1.27(2) (82)
• ZK for the kaon
ZK =
F
Exp.
K−√
2FKPS
=
m
Exp.
K±
mKPS
= 1.25(3) (83)
The intersections (aFpiPS, am
pi
PS) and (aF
K
PS, am
K
PS) of the normal
configurations are used. The scale is the Sommer scale r0 =
0.5 [fm]. These normalization factors are consistent within
the errors.
The decay constants and the masses of the pion and kaon
are properly estimated using the normalization factors Zpi and
ZK as follows:
• Pion
FZpi = ZpiF
pi
PS = 92(2) [MeV],
mZpi = Zpim
pi
PS = 140(4) [MeV].
• Kaon
FZK = ZpiF
K
PS = 110(4) [MeV],
mZK = Zpim
K
PS = 494(18) [MeV].
These results of the normal configuration correspond to the
experimental results.
We suppose that the normalization factors do not vary even
if we vary the values of the magnetic charge because we nu-
merically confirm that the lattice spacing and the renormaliza-
tion constants do not vary. Therefore, we apply the normal-
ization factors of the normal configuration to the results calcu-
lated using the configurations with the additional monopoles
and anti-monopoles.
B. The catalytic effects of monopoles on the decay constant F0
We use the results of aF0 in Table XII obtained by fitting the
function of chiral perturbation theory and re-evaluate the de-
cay constant in the chiral limit using the normalization factor
Zpi as follows:
FZ0 = ZpiF0 (84)
The result of the normal configuration is FZ0 = 91(2). This
value is 7% larger than our predicted value (40). We list the
computed results of FZ0 using the normal configurations and
the configurations with the additional monopoles and anti-
monopoles in Table XVIII.
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FIG. 12. The catalytic effects of the additional monopoles and anti-
monopoles on the decay constant in the chiral limit F0.
In the analysis of the decay constant Fˆ0 and Fˆpi in sub-
section VD, we find that the decay constant increases in di-
rect proportion to the one-fourth root of the instanton density.
Therefore, we fit the following curve to the numerical result
of the decay constant FZ0 , as shown in Fig. 11:
Fpi = A2
(
NI
V
) 1
4
. (85)
The fitting results are A2 = 0.446(4) and χ
2/d.o. f .= 3.0/7.0.
The value χ2/d.o. f . is 0.4, and the slopeA2 is reasonably con-
sistent with the slope APre = 0.4268 of prediction (39). These
results indicate that the decay constant increases in direct pro-
portion to the one-fourth root of the number density of the
instantons and anti-instantons.
Fig. 12 shows that the decay constant FZ0 increases with
increasing magnetic charge mc; thus, the decay constant
increases with increasing numbers of monopoles and anti-
monopoles condensing in the QCD vacuum. The increase is
consistent with the prediction.
C. The catalytic effects of monopoles on the chiral condensate
Next, we redefine the chiral condensate derived using the
slope aA of the PCAC relation and the decay constant FZ0 as
follows:
a3〈ψ¯ψ〉Z =− lim
am¯q→0
(ZpiamPS)
2(ZpiaFPS)
2
2am¯Zq
=−aA
2
(aFZ0 )
2
(86)
Here, we suppose the PCAC relation, and we use the follow-
ing equation:
am¯Zq =
(ZpiamPS)
2
aA
= Z2piam¯q. (87)
We calculate the chiral condensate a3〈ψ¯ψ〉Z by substituting
the fitting results of the slope aA(2) in Table IX and the results
of the decay constant aFZ0 in Table XVIII for formula (86).
The re-normalized chiral condensates in the MS-scheme at
2 [GeV] are evaluated as follows:
〈ψ¯ψ〉Z
MS
=
ZS
0.72076
〈ψ¯ψ〉Z (88)
We calculate the re-normalized chiral condensates in the
MS-scheme at 2 [GeV] using the normal configurations and
the configurations with the additional monopoles and anti-
monopoles and list the results in Table XV. We use the renor-
malization constant for the scalar density ZS = 0.93(3) of the
normal configurations.
To examine whether the re-normalized chiral condensate is
properly calculated, we compare the numerical result of the
normal configuration with the predictions and the results of
other groups. The re-normalized chiral condensate 〈ψ¯ψ〉Z
MS
in
the MS-scheme at 2 [GeV] calculated using the normal con-
figurations is
〈ψ¯ψ〉Z
MS
(2 [GeV]) =−1.96(12)× 10−2 [GeV3]
=−(269(5) [MeV])3. (89)
This result corresponds to the result of the analytic compu-
tation (31). The result is also consistent with the predic-
tions of the normal configuration 〈ψ¯ψ〉Pre(1) =−2.0280×10−2
[GeV3] and 〈ψ¯ψ〉Ins(1) =−1.95(5)× 10−2 [GeV3] in Table VI.
Moreover, it corresponds with the results of other groups (35)
and (37), which are calculated using the overlap Dirac opera-
tor.
In studies using the N f = 2 and N f = 2+ 1 dynamical
fermions, research groups have reported the numerical results
of the re-normalized chiral condensate in theMS-scheme at 2
[GeV] as follows [109]:
• N f = 2
〈ψ¯ψ〉MS (2 [GeV]) =−(266(10) [MeV])3
• N f = 2 + 1
〈ψ¯ψ〉MS (2 [GeV]) =−(274(3) [MeV])3
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Our result (89) corresponds to these results.
Incidentally, we need to confirm the discretization effects
on the results computed by formula (86) because we separate
the lattice spacing and normalization factor and evaluate the
chiral condensate. To analyse the effects of the discretization,
we generate the configurations by setting the physical volume
to Vphys = 9.8582 [fm
4] (V = 163×32, β = 6.0000) and vary-
ing the lattice spacing and lattice volume. We estimate the
chiral condensate in the continuum limit by interpolation. The
result in the continuum limit of the re-normalized chiral con-
densate in theMS-scheme at 2 [GeV] is
〈ψ¯ψ〉Z
MS
(2 [GeV]) =−1.95(5)× 10−2 [GeV3],
=−(269(2) [MeV])3.
These results perfectly correspond to result (89); thus, it
shows that there are no effects of discretization. We will report
this result [110].
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in the MS-scheme at 2 [GeV].
These results demonstrate that we can adequately calculate
the chiral condensate using the numerical results of the PCAC
relation, the decay constant, and the normalization factors. In
addition, we can adequately estimate the chiral condensate us-
ing the total number of instantons and anti-instantons, which
we calculate from the topological charges.
In subsection VE, we find that the values of the chiral con-
densate decrease in direct proportion to the square root of the
number density of the instantons and anti-instantons. We re-
estimate the decreases in the chiral condensate by fitting the
following function, as shown in Fig. 13.
〈ψ¯ψ〉=−A2
(
NI
V
) 1
2
(90)
The fitting results are A2 = 0.478(11) [GeV] and χ
2/d.o. f .=
1.5/7.0. The value of χ2/d.o. f . is 0.2. The error of A2 is ap-
proximately 2% and sufficiently smaller than the error of A1 in
subsection VE. Moreover, the value of A2 is reasonably con-
sistent with the slope (0.5070 [GeV]) of the prediction (38).
In the phenomenological models of instantons [41, 44], the
average size of the instanton (29) is a free parameter, and it
cannot be determined in the models. Therefore, there is a great
need to confirm it via numerical calculations. We estimate
it from the fitting result of the slope A2. The inverse of the
average size of the instanton is
1
ρ¯
= 5.66(13)× 102 [MeV]. (91)
This result is reasonably consistent with the values in the mod-
els [88].
These results demonstrate that the re-normalized chiral
condensate in the MS-scheme at 2 [GeV] decreases in direct
proportion to the square root of the number density of the in-
stantons and anti-instantons. The slope and the average size
of the instanton reasonably correspond to the results of the
phenomenological models [41, 44].
Fig. 14 shows the catalytic effects of the additional
monopoles and anti-monopoles on the chiral condensate, and
the numerical results of the re-normalized chiral condensate
correspond to the predictions. Additionally, the values of the
chiral condensate decrease with increasing magnetic charge
mc; thus, chiral symmetry breaking is induced with increasing
numbers of monopoles and anti-monopoles condensing in the
QCD vacuum.
To remove uncertainty coming from the renormalization
constant and the normalization factor and to clearly show
the decreases in the chiral condensate, we calculate the ra-
tio between the chiral condensate of the normal configuration
〈ψ¯ψ〉0 and the chiral condensate of the configuration with the
additional monopoles and anti-monopoles 〈ψ¯ψ〉(mc) as fol-
lows:
RPreχ (mc) =
〈ψ¯ψ〉(mc)
〈ψ¯ψ〉0 =
√
1+
mc
NI
(92)
This ratio is derived from prediction (38). The number of in-
stantons and anti-instantons is NPreI = 10.4138.
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TABLE XV. The re-normalized chiral condensate 〈ψ¯ψ〉Z
MS
and the
ratio of the chiral condensates Rχ .
mc 〈ψ¯ψ〉ZMS [GeV3] R
Pre
χ R
Z
χ
×10−2
Normal conf -1.96(12) - -
0 -1.94(12) 1.0000 0.99(4)
1 -2.04(12) 1.0469 1.04(4)
2 -2.18(13) 1.0918 1.12(4)
3 -2.28(13) 1.1349 1.16(5)
4 -2.25(14) 1.1765 1.15(5)
5 -2.40(14) 1.2166 1.23(5)
6 -2.46(14) 1.2555 1.26(5)
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FIG. 15. The ratios of the chiral condensates Rχ vs. the values of the
magnetic charges mc.
We calculate the ratios RPreχ and R
Z
χ using formula (92)
and the numerical results of the chiral condensate 〈ψ¯ψ〉Z
MS
,
respectively. The computed results are given in Table XV.
Fig. 15 clearly shows that the increase in the ratio RZχ com-
pletely corresponds to the prediction RPreχ .
D. The catalytic effects of monopoles on the decay constants
and the masses of the light mesons
In this subsection, to illustrate the catalytic effects of
monopoles on the decay constants and the masses of the pion
and kaon, we estimate these decay constants and masses by
matching the numerical results with the experimental results.
First, we obtain the linear functions by fitting the func-
tion aFPS = a
−1A(amPS)2 + aB to the computed results of
aFPS and (amPS)
2 using the configurations with the additional
monopoles and anti-monopoles, as shown in Fig. 16. The fit-
ting results are shown in Table XVI. Each fitting range in-
cludes all data points of each magnetic charge, and the values
of χ2/d.o. f . are from 0.4 to 0.5. The fitting results of the
intercept aB correspond entirely to the fitting results aF0 in
Table XII, which are obtained by fitting the function of the
2)
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(am
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FIG. 16. The decay constant aFPS vs. the square mass (amPS)
2 near
the chiral limit. The coloured symbols and straight lines represent
the numerical results and the results obtained by fitting the linear
function, respectively. The dotted and dashed lines indicate equa-
tions (80) and (81), respectively.
TABLEXVI. The results of the slope a−1A and intercept aB obtained
by fitting the function aFPS = a
−1A(amPS)2+aB.
mc a
−1A aB FR[(amPS)2] χ2/d.o. f .
×10−2 ×10−2
Normal conf 0.251(10) 3.08(5) 1.8 - 10.0 9.4/19.0
0 0.252(10) 3.06(6) 1.8 - 10.1 8.7/19.0
1 0.247(10) 3.15(6) 1.8 - 9.9 9.5/19.0
2 0.244(9) 3.24(5) 1.8 - 10.0 9.7/19.0
3 0.239(9) 3.29(5) 1.9 - 10.1 9.7/19.0
4 0.252(10) 3.29(6) 1.9 - 9.7 7.6/19.0
5 0.239(9) 3.37(5) 1.9 - 10.1 8.4/19.0
6 0.232(9) 3.41(5) 1.9 - 10.1 9.9/19.0
chiral perturbation theory.
TABLE XVII. The computed results of the intersections. The su-
perscripts pi and K indicate the interceptions calculated using equa-
tions (80) and (81), respectively.
mc aF
pi
PS am
pi
PS aF
K
PS am
K
PS
×10−2 ×10−2 ×10−2
Normal conf 3.13(6) 3.80(10) 4.74(8) 0.171(4)
0 3.12(6) 3.78(10) 4.71(9) 0.170(5)
1 3.21(6) 3.91(10) 4.85(9) 0.175(5)
2 3.30(6) 4.05(10) 5.00(8) 0.181(5)
3 3.35(6) 4.10(10) 5.07(8) 0.184(5)
4 3.35(6) 4.17(12) 5.07(9) 0.187(5)
5 3.43(6) 4.23(11) 5.19(8) 0.190(5)
6 3.47(5) 4.26(10) 5.26(8) 0.191(5)
We then calculate the intersections between the linear func-
tions obtained by fitting, the equations (80), and (81). We list
the intersections in Table XVII. The decay constants and the
masses of the pion and the kaon are estimated using the inter-
20
cm
0 1 2 3 4 5 6
 
[M
eV
]
2
/
piF
88
90
92
94
96
98
100
102
104
106 Experimental result
Normal conf
Additional monopoles
cm
0 1 2 3 4 5 6
 
[M
eV
]
2
/ KF
105
110
115
120
125
130 Experimental result
Normal conf
Additional monopoles
cm
0 1 2 3 4 5 6
pi
/F KF
1
1.1
1.2
1.3
1.4
1.5
Experimental result
Normal conf
Additional monopoles
FIG. 17. The catalytic effects of monopoles on the decay constants FZpi (the left panel), F
Z
K (the middle panel), and the ratio of these
FZK
FZpi
(the
right panel). The experimental results are F
Exp.
pi /
√
2= 92.23(12) [MeV], F
Exp.
K /
√
2= 110.1(6) [MeV], and F
Exp.
K /F
Exp.
pi = 1.193(6) [95].
sections, the normalization factors Zpi , and ZK .
TABLE XVIII. The computed results of FZ0 , F
Z
pi , F
Z
K , and the ratios
of these decay constants. The decay constant predicted from the chi-
ral perturbation theory is F
χPT
0 = 86.2(5) [MeV], and the ratio is
Fpi/F
χPT
0 = 1.071(6) [94].
mc F
Z
0 F
Z
pi F
Z
K F
Z
pi /F
Z
0 F
Z
K /F
Z
pi
Normal conf 91(2) 92(2) 110(4) 1.02(3) 1.19(5)
0 90(2) 92(2) 110(4) 1.02(3) 1.19(5)
1 93(2) 95(2) 113(4) 1.02(3) 1.20(5)
2 96(2) 97(2) 117(4) 1.02(2) 1.20(5)
3 97(2) 99(2) 119(4) 1.02(2) 1.20(5)
4 97(2) 99(3) 121(4) 1.02(3) 1.22(6)
5 99(2) 101(2) 122(4) 1.02(2) 1.21(5)
6 101(2) 102(2) 123(4) 1.02(2) 1.20(5)
The computed results of the decay constants of the pion
and kaon and the ratios of the decay constants are given in
Table XVIII. Figs. 17 show that the decay constants FZpi and
FZK increase with increasing magnetic charge mc, whereas the
ratio of the decay constants
FZK
FZpi
does not vary.
TABLE XIX. Comparisons of the ratios of the decay constants RF0 ,
RFpi , RFK , and the mass ratios Rmpi , RmK with the prediction
(
RPreχ
) 1
2
.
mc
(
RPreχ
) 1
2
RF0 RFpi RFK Rmpi RmK
0 1.000 1.00(3) 1.00(3) 1.00(4) 1.00(3) 1.00(4)
1 1.023 1.02(3) 1.02(3) 1.03(4) 1.02(3) 1.03(4)
2 1.045 1.05(3) 1.06(3) 1.06(4) 1.06(3) 1.06(4)
3 1.065 1.07(3) 1.07(3) 1.08(4) 1.07(3) 1.08(4)
4 1.085 1.07(3) 1.07(3) 1.10(4) 1.07(3) 1.10(4)
5 1.103 1.10(3) 1.10(3) 1.11(4) 1.10(3) 1.11(4)
6 1.120 1.11(3) 1.11(3) 1.12(4) 1.11(3) 1.12(4)
To clearly show the increases in the decay constants, we
calculate the ratios RFPS of the decay constants of the configu-
rations with the additional monopoles and anti-monopoles to
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FIG. 18. The ratios of the decay constants RFPS , (FPS = F0, Fpi , FK)
vs. magnetic charge mc.
the normal configuration. Similar to the consideration of the
ratios RPreχ of the chiral condensates, we predict the ratios RFPS
of the decay constants using the formula (39) as follows:
RFPS(mc) =
FPS(mc)
F0PS
=
(
RPreχ (mc)
) 1
2
(93)
(FPS = F0, Fpi , FK)
In calculating these ratios, the normalization factors cancel
out. We calculate these ratios using the numerical results of
aF0 in Table XII and the analytical results of aF
pi
PS and aF
K
PS
in Table XVII. The computed results of the ratios are listed in
Table XIX. Fig. 18 clearly shows that the numerical results are
consistent with the prediction
(
RPreχ
) 1
2
. These results indicate
that we can adequately predict the increases in the ratios of
the decay constants.
Similarly, we list the computed results of the masses of
the pion and kaon and their mass ratio in Table XX. Figs. 19
demonstrate that the masses of the pion mZpi and kaon m
Z
K in-
crease with increasing magnetic charge mc, whereas the mass
ratio
mZK
mZpi
does not vary.
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TABLE XX. The computed results of the masses mZpi and m
Z
K and
their mass ratio mZK/m
Z
pi .
mc m
Z
pi m
Z
K m
Z
K/m
Z
pi
Normal conf 140(4) 494(18) 3.54(16)
0 139(4) 491(18) 3.54(16)
1 143(4) 507(19) 3.55(16)
2 147(4) 525(19) 3.57(16)
3 150(4) 532(19) 3.56(15)
4 149(4) 541(20) 3.62(17)
5 153(4) 549(20) 3.58(16)
6 155(4) 552(19) 3.57(15)
E. The catalytic effects of monopoles on the light quark masses
We suppose that the masses of the light quarks become
heavy with increasing magnetic charge mc, and the increases
in the ratios of the light quark masses are as much as the in-
creases in the ratio of the chiral condensates Rχ . We evaluate
the average mass of the light quarks m¯ud , which is composed
of up and down quarks, and the strange quark mass ms. The
average mass of the light quarks m¯Zud is estimated from the
PCAC relation concerning the pion as follows:
am¯Zud =
(Zpiam
pi
PS)
2
aA(2)
(94)
The mass of the strange quark amZs is estimated from the
PCAC relation concerning the kaon as follows:
am¯Zsud =
amZs + am¯
Z
ud
2
=
(ZKam
K
PS)
2
aA(2)
(95)
amZs =
2(ZKam
K
PS)
2− (ZpiampiPS)2
aA(2)
(96)
We use the fitting results of the slope A(2) in Table IX. The
re-normalized masses of the light quarks in theMS-scheme at
2 [GeV] are evaluated by the following formula:
mˆMSq =
0.72076
ZS
mZq , (m
Z
q = m¯
Z
ud , m¯
Z
sud , m
Z
s ). (97)
We use the renormalization constant of the normal configu-
rations ZS = 0.93(3). The re-normalized masses of the light
quarks in the MS-scheme at 2 [GeV], which are calculated
using the normal configurations, are
ˆ¯mMSud (2 [GeV]) = 4.1(3) [MeV], (98)
mˆMSs (2 [GeV]) = 98(8) [MeV]. (99)
In this study, we estimate the light quark masses using the
normalization factors, which are calculated by matching the
numerical results with the experimental results. Therefore,
to analyse the effects of the discretization on the computed
results of the masses of the light quarks, we estimate the quark
masses in the continuum limit via interpolation.
The re-normalized average mass of the light quarks ˆ¯mMSud in
theMS-scheme at 2 [GeV] in the continuum limit is
ˆ¯mMSud (2 [GeV]) = 4.09(10) [MeV]. (100)
The re-normalized mass of the strange quark mˆMSs in the MS-
scheme at 2 [GeV] in the continuum limit is
mˆMSs (2 [GeV]) = 98(3) [MeV]. (101)
These results are entirely consistent with the computed results
of the normal configuration (98) and (99). Moreover, these
are consistent with the experimental results m¯
Exp.
ud = 3.5
+0.7
−0.3
[MeV] and m
Exp.
s = 96
+8
−4 [MeV] [95]. The mass ratio of the
computed results in the continuum limit is
mˆMSs
ˆ¯mMSud
(2 [GeV]) = 24.0(9). (102)
This result is 12% smaller than the experimental result [95]
ms
m¯ud
= 27.3(7). However, this numerical result is consistent
with the estimations of the chiral perturbation theory [111,
112]. We obtain these results without using any consequences
of the chiral perturbation theory; thus, we adequately calculate
the light quark masses. We will report these results [110].
We evaluate the re-normalized masses of the light quarks
in theMS-scheme at 2 [GeV] using the normal configurations
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TABLEXXI. The predictions and numerical results of the light quark
masses.
mc m¯
Pre
ud
ˆ¯mMS
ud
mPres mˆ
MS
s m
Z
s /m¯
Z
ud
Normal conf - 4.1(3) - 98(8) 24(2)
0 3.5+0.7−0.3 4.0(3) 96
+8
−4 97(8) 24(3)
1 3.7+0.7−0.3 4.3(3) 101
+8
−4 104(9) 24(3)
2 3.8+0.8−0.3 4.5(3) 105
+9
−4 111(9) 24(3)
3 4.0+0.8−0.3 4.6(3) 109
+9
−5 112(9) 24(2)
4 4.1+0.8−0.4 4.7(3) 113
+9
−5 117(10) 25(3)
5 4.3+0.9−0.4 4.8(3) 117
+10
−5 119(10) 25(3)
6 4.4+0.9−0.4 4.9(3) 121
+10
−5 121(10) 24(2)
and the configurationswith the additionalmonopoles and anti-
monopoles, and we list the computed results in Table XXI.
We suppose that the increases in the light quark masses by
varying the magnetic charge mc correspond to the increase in
the ratio of the chiral condensates. This assumption comes
from the Nambu-Jona-Lasiniomodel [32–34], which explains
how the fermion obtains its mass due to the breaking of the
chiral symmetry.
To quantitatively demonstrate the increases in the masses of
the light quarks, we predict the increases using the ratio of the
chiral condensates RPreχ as follows:
mPreq (mc) = R
Pre
χ (mc) ·mExp.q , (mq = m¯ud, ms). (103)
These predictions of the light quark masses compared to the
numerical results are given in Table XXI.
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FIG. 20. The average mass of the light quarks m¯MS
ud
in theMS-scheme
at 2 [GeV] vs. the magnetic charge mc. The experimental results of
the average mass of the light quarks are m¯
Exp.
ud
= 3.5+0.7−0.3 [MeV] [95].
Figs. 20 and 21 show that the re-normalized masses of the
light quarks in the MS-scheme at 2 [GeV] increase with in-
creasing magnetic charge mc. These results obviously cor-
respond to the predictions. The mass ratio mZs /m¯
Z
ud of the
strange quark mass to the average mass of the light quarks
does not vary when increasing the magnetic charge mc, as in-
dicated in Table XXI.
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FIG. 21. The re-normalized mass of the strange quark mMSs in the
MS-scheme at 2 [GeV] vs. the magnetic charges mc. The exper-
imental result of the mass of the strange quark is m
Exp.
s = 96
+8
−4
[MeV] [95].
To clearly show the increases in the light quark masses, we
evaluate the following mass ratios:
Rmq(mc) =
mq(mc)
m0q
, (mq = m¯ud , m¯sud, ms). (104)
The quark masses m0q are calculated using the normal con-
figurations. The quark masses mq(mc) are computed using
the configurations with the additional monopoles and anti-
monopoles. Table XXII indicates that the numerical results of
the ratios of each magnetic charge mc correspond to the pre-
diction RPreχ . The errors of the ratio Rms are large because the
normalization factors Zpi and ZK in formula (96) do not cancel
out. Fig. 22 demonstrates that the increases in the ratios Rm¯ud
and Rm¯sud correspond to the increase in the prediction R
Pre
χ .
TABLE XXII. Comparisons of the mass ratios of the light quarks
Rm¯ud , Rm¯sud , and Rms with the prediction R
Pre
χ .
mc R
Pre
χ Rm¯ud Rm¯sud Rms
0 1.0000 0.99(5) 0.99(7) 0.99(11)
1 1.0469 1.05(5) 1.06(8) 1.06(12)
2 1.0918 1.11(5) 1.13(8) 1.13(12)
3 1.1349 1.13(6) 1.14(8) 1.14(12)
4 1.1765 1.14(6) 1.19(9) 1.19(13)
5 1.2166 1.18(6) 1.21(9) 1.21(13)
6 1.2555 1.21(6) 1.23(9) 1.23(13)
Finally, we derive the following ratios:
RmPS(mc) =
mPS(mc)
m0PS
=
(
RPreχ (mc)
) 1
2
, (mPS = mpi , mK)
(105)
of the pseudoscalar masses mPS from the PCAC relation. The
pseudoscalar masses mPS(mc) are calculated using the config-
urations with the additional monopoles and anti-monopoles.
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FIG. 22. The ratios of the quark masses Rmq , (mq = m¯ud , m¯sud) vs.
the magnetic charge mc.
The pseudoscalar masses m0PS are calculated using the normal
configurations.
We calculate the mass ratios RmPS using the intersections
ampiPS for the pion and am
K
PS for the kaon in Table XVII. The
computed results of the mass ratios RmPS are given in Ta-
ble XIX. Fig. 23 demonstrates that the mass ratios of the nu-
merical results correspond to the square root of the prediction(
RPreχ
) 1
2
, and we adequately predict the increases in the mass
ratios RmPS .
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F. The catalytic effects of monopoles on the decay width and
the lifetime of the pion
In this subsection, we compute the partial decay width and
the lifetime of the charged pion using the computed results
of the pion decay constant FZpi and the pion mass m
Z
pi as input
values. Finally, we suggest that we observe the catalytic ef-
fects of monopoles on the decay width and the lifetime of the
charged pion.
A charged pion pi± decays to a lepton l± (an electron e or a
muon µ) and a neutrino νl as follows:
pi+→ l++νl , pi−→ l−+ ν¯l (106)
These decays are induced by the weak interaction, and the
decay width of the charged pion is derived [37] as follows:
Γ(pi−→ l+ ν¯l) = (GFFpi cosθc)
2
4pim3pi
m2l (m
2
pi −m2l )2. (107)
This formula indicates that the decay width is proportional to
the mass of the lepton. The experimental result of the electron
mass [95] is m
Exp.
e = 0.5109989461± 0.0000000031 [MeV],
whereas the experimental result of the muon mass [95] is
m
Exp.
µ = 105.6583745± 0.0000024 [MeV]. The mass ratio
of these masses is m
Exp.
e /m
Exp.
µ = 4.83633170(11)× 10−3.
Therefore, over 99 % of the charged pions decay to the muon;
thus, the branching ratio of the charged pions, which decay
to the muons, is almost 100%. We suppose that monopoles
do not affect the masses of the leptons. We estimate the total
decay width of the charged pion from the partial decay width,
where the charged pion decays to the muon.
The decay width of the charged pion, which is estimated by
substituting the experimental results for formula (107), is
Γ(pi−→ µ + ν¯µ) = 3.77439× 107 [sec−1]. (108)
The Dirac constant is h¯ = 6.582119514(40) × 10−16
[eV·s] [95] and the Fermi constantGF = 1.1663787(6)×10−5
[GeV−2] [95]. Here, we do not consider the errors of the ex-
perimental results because they are substantially smaller than
the errors of the numerical results.
In addition, the lifetime of the charged pion is estimated
by the formula τ = 1
Γ(pi−→µ+ν¯µ ) because the branching ratio
of the charged pions, which decay to muons, is almost 100%.
The lifetime of the charged pion is
τ = 2.64944× 10−8 [sec]. (109)
The experimental lifetime of the charged pion [95] is
τExp. = 2.6033(5)× 10−8 [sec]. (110)
The difference between the experimental result and the result
of the theoretical calculations is less than 1.8%. Therefore,
we can derive the lifetime of the charged pion using the for-
mula (107). The decay width of the charged pion, which is
estimated from the experimental lifetime [95], is
ΓExp. = 3.8413(7)× 107 [sec−1]. (111)
The decay width, which is estimated using the numerical
results of the pion decay constant FZpi and the pion mass m
Z
pi of
the normal configuration as the input values, is
Γ = 3.8(3)× 107 [sec−1]. (112)
Similarly, the lifetime is
τ = 2.6(2)× 10−8 [sec]. (113)
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These results are consistent with the results of the theoretical
calculations and experiments. Therefore, we can correctly es-
timate the decay width and lifetime of the charged pion using
formula (107) and the numerical results of FZpi and m
Z
pi .
Finally, we substitute the numerical results of FZpi and m
Z
pi ,
which are calculated using the configurations with the addi-
tional monopoles and anti-monopoles, for formula (107) and
estimate the catalytic effects of these monopoles on the decay
width and lifetime of the charged pion. The numerical results
of FZpi and m
Z
pi are given in Tables XVIII and XX, respectively.
TABLE XXIII. The decay width and lifetime of the charged pion.
mc Γ(Fpi) [sec
−1] τ(Fpi) [sec] Γ [sec−1] τ [sec]
×107 ×10−8 ×107 ×10−8
Normal conf 3.8(3) 2.6(2) 3.8(3) 2.6(2)
0 3.7(3) 2.7(2) 3.6(3) 2.8(3)
1 4.0(4) 2.5(2) 4.6(4) 2.2(2)
2 4.2(4) 2.4(2) 5.7(5) 1.75(15)
3 4.3(4) 2.3(2) 6.4(6) 1.57(14)
4 4.3(4) 2.3(2) 6.4(6) 1.57(14)
5 4.5(4) 2.2(2) 7.5(7) 1.33(12)
6 4.6(4) 2.15(19) 8.1(7) 1.24(11)
In subsection VD, we have shown that the decay constant
of the pseudoscalar increases with increasing magnetic charge
mc without using any experimental results as the input values.
Therefore, first, we estimate the catalytic effects of the ad-
ditional monopoles and anti-monopoles on the decay width
Γ(Fpi) and lifetime τ(Fpi) considering only the increase in the
pion decay constant. Second, we estimate the catalytic effects
on the decay width Γ and lifetime τ considering the increases
in both the pion decay constants and the pion mass. The com-
puted results of the decay width and lifetime of the charged
pion are shown in Table XXIII.
Table XXIII quantitatively shows that the decay width
Γ(Fpi) becomes +24% wider and that the decay width Γ be-
comes +125% wider when varying the magnetic charge mc
from 0 to 6. Similarly, the lifetime τ(Fpi) becomes -20%
shorter, and the lifetime τ becomes -54% shorter when vary-
ing the magnetic charge mc from 0 to 6.
Finally, Fig. 24 clearly shows that the decay width of the
charged pion increases with increasing magnetic charge mc.
Similarly, Fig. 25 conclusively indicates that the lifetime of
the charged pion becomes short with increasing magnetic
charge mc. These are the catalytic effects of monopoles on
the decay width and lifetime of the charged pion.
VII. SUMMARY AND CONCLUSIONS
We have performed numerical computations to inspect the
catalytic effects of monopoles in QCD on observables. To
carefully check the catalytic effects, in this research, we added
monopoles and anti-monopoles to the configurations with
larger lattice volumes and finer lattice spacings than in the
previous study. We prepared normal settings and settings in
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which the monopoles and anti-monopoles were added; then,
we observed the catalytic effects of monopoles by calculating
the physical quantities using these settings.
First, we have shown that the additional monopole and anti-
monopole do not affect the scale of the lattice when calculat-
ing the lattice spacing. We then calculated the monopole den-
sity and measured the length of the monopole loops. We have
shown that the monopole density increases and that the phys-
ical length of the monopole loops becomes linearly extended
when increasing the values of the magnetic charges. These
results indicate that the eigenstate of the monopole creation
operator becomes the coherent state and that the monopole
creation operator makes only the long monopole loops, which
are the crucial elements for the mechanism of colour confine-
ment.
Next, we calculated the eigenvalues and eigenvectors of the
overlap Dirac operator using these configurations. We ana-
lytically estimated the total number of instantons and anti-
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instantons from the values of the topological charges. We have
quantitatively shown that the monopole with magnetic charge
mc = 1 and the anti-monopole with magnetic chargemc =−1
produce one instanton or one anti-instanton. Moreover, we
have shown that the monopole creation operator creates the
topological charges without affecting the vacuum structure by
comparing the distributions of the topological charges with
the predictions of the distribution functions.
These results are consistent with the results obtained in pre-
vious research [57].
In previous research [64, 65, 90], we have already shown
that the values of the chiral condensate decrease and that the
decay constants slightly increase with increasing magnetic
charge; however, we have not explained why. In this research,
we made predictions to quantitatively explain the decrease in
the values of the chiral condensate and the increase in the de-
cay constants.
We evaluated the re-normalized decay constants and the
re-normalized chiral condensate by calculating the correla-
tion functions of the scalar density and pseudoscalar density.
We directly compared these numerical results with the pre-
dictions. We found that the values of the chiral condensate
decrease in direct proportion to the square root of the num-
ber density of the instantons and anti-instantons. Moreover,
the decay constant of the pseudoscalar increases in direct pro-
portion to the one-fourth root of the number density of the
instantons and anti-instantons. These results correspond to
our predictions and the consequences of the phenomenologi-
cal models of instantons.
The purpose of this research is to clearly show the catalytic
effects of QCD monopoles on physical quantities, which
are measured experimentally. However, it is difficult to di-
rectly determine the decay constants of the pion and kaon or
the masses of those only through numerical calculations in
quenched QCD without using the results of the chiral pertur-
bation theory or the experimental results.
Therefore, we matched the numerical results of the decay
constant and the square of the pseudoscalar mass with the ex-
perimental results of the pion and kaon and determined the
normalization factors. We recomputed the physical quantities
using these normalization factors. We have confirmed that the
increases in the decay constant in the chiral limit and the de-
creases in the re-normalized chiral condensate are consistent
with the predictions. We have clearly shown that the decay
constants of the pion and kaon are larger than the experimen-
tal results and that the masses of the pion, kaon, and light
quarks become heavier than those when increasing the mag-
netic charge.
To quantitatively evaluate the decreases and increases in the
physical quantities, we calculated the ratios of the computed
results of the configuration with the additional monopoles and
anti-monopoles to the computed results under the standard
setting. We have demonstrated that the increase in the ratio of
the chiral condensates when increasing the magnetic charge
mc accords with the prediction
RPreχ (mc) =
(
1+
mc
NPreI
) 1
2
.
NPreI indicates the total number of instantons and anti-
instantons in the physical lattice volumeVphys.
We found that the mass ratios Rm¯q of the light quarks are
consistent with the prediction RPreχ . Additionally, the ratios of
the decay constants RFPS and the mass ratios of the mesons
RmPS are consistent with the square root of the prediction(
RPreχ
) 1
2
.
Finally, we estimated the decay width and lifetime of the
charged pion using the numerical results of the pion decay
constant and the pion mass as the input values. We have
demonstrated that the decay width of the charged pion be-
comes wider than the experimental result and that the lifetime
of the charged pion becomes shorter with increasing magnetic
charge.
These are the catalytic effects of the Adriano monopole on
the physical observables that we have found in this research.
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Appendix A: The definitions of the massless Wilson Dirac
operator
The massless Wilson Dirac operator DW is defined as fol-
lows:
DW =
1
2
[
γµ(∇
∗
µ +∇µ)− a∇∗µ∇µ
]
(A1)
[∇µ ψ ](n) =
1
a
[
Uµ(n)ψ(n+ µˆ)−ψ(n)
]
(A2)
[∇∗µ ψ ](n) =
1
a
[
ψ(n)−Uµ(n− µˆ)†ψ(n− µˆ)
]
(A3)
Appendix B: The prediction of the number of zero modes NPreZ
We analytically calculate the number of zero modes NPreZ
using the prediction NPreI (19). Here, we use the notation in
Ref. [57]. The topological charge of the normal configurations
26
is given by δ , and the total number of instantons and anti-
instantons is N in the expressions below.
For mc = 5,
NPreZero =
1
25
[〈|δ + 5|〉+ 〈|δ − 5|〉]+ 5
25
[〈|δ + 3|〉+ 〈|δ − 3|〉]
+
10
25
[〈|δ + 1|〉+ 〈|δ − 1|〉]
=
1
25
(
4N√
2piN
e−
25
2N +
10√
2piN
∫ 5
−5
e−
δ2
2N dδ
)
+
5
25
(
4N√
2piN
e−
9
2N +
6√
2piN
∫ 3
−3
e−
δ2
2N dδ
)
+
10
25
(
4N√
2piN
e−
1
2N +
2√
2piN
∫ 1
−1
e−
δ2
2N dδ
)
. (B1)
For mc = 6,
NPreZero =
1
26
[〈|δ + 6|〉+ 〈|δ − 6|〉]+ 6
26
[〈|δ + 4|〉+ 〈|δ − 4|〉]
+
15
26
[〈|δ + 2|〉+ 〈|δ − 2|〉]+ 20
26
〈|δ |〉
=
1
26
(
4N√
2piN
e−
18
N +
12√
2piN
∫ 6
−6
e−
δ2
2N dδ
)
+
6
26
(
4N√
2piN
e−
8
N +
8√
2piN
∫ 4
−4
e−
δ2
2N dδ
)
+
15
26
(
4N√
2piN
e−
2
N +
4√
2piN
∫ 2
−2
e−
δ2
2N dδ
)
+
5
8
√
N
2pi
.
(B2)
Appendix C: The distribution functions of the topological
charges P(Q+mc)
Here, we briefly derive the distribution functions of the
topological charges P(Q+mc). We define the following dis-
tribution function for the magnetic charge k:
p1(Q+ k)≡ p0(Q+ k)+ p0(Q− k) (C1)
The distribution functions p0(Q± k) are defined by the Gaus-
sian distribution functions as follows:
p0(Q± k) = e
− (Q±k)2
2〈δ2〉√
2pi〈δ 2〉 (C2)
The distribution function for mc = 5 is
P(Q+ 5) =
[
1
25
p1(Q+ 5)+
5
25
p1(Q+ 3)+
10
25
p1(Q+ 1)
]
× [1+O(V−1)] . (C3)
For mc = 6,
P(Q+ 6) =
[
1
26
p1(Q+ 6)+
6
26
p1(Q+ 4)+
15
26
p1(Q+ 2)
+
20
26
p0(Q)
][
1+O(V−1)
]
. (C4)
Appendix D: The fitting results of a4GPS−SS , amPS, and aρ
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TABLE XXIV. The fitting results of a4GPS−SS and amPS together with the analytic results of the square of the pseudoscalar mass (amPS)2,
decay constant aFPS, and chiral condensate a
3〈ψ¯ψ〉. The configurations are the normal configuration and the configuration with mc = 0.
Normal Conf
m¯q am¯q a
4GPS−SS amPS (amPS)2 aFPS a3〈ψ¯ψ〉 FR(t/a) χ2/d.o. f .
[MeV] ×10−2 ×10−3 ×10−2 ×10−2 ×10−3
30 1.2964 0.677(13) 0.1358(10) 1.85(3) 3.65(10) -0.95(3) 7 - 25 15.1/17.0
35 1.5125 0.757(16) 0.1501(11) 2.25(3) 3.70(10) -1.02(3) 8 - 24 8.3/15.0
40 1.7286 0.792(14) 0.1606(9) 2.58(3) 3.77(8) -1.06(2) 8 - 24 14.2/15.0
45 1.9447 0.825(12) 0.1703(8) 2.90(3) 3.85(8) -1.11(3) 8 - 24 23.1/15.0
50 2.1607 0.911(16) 0.1826(10) 3.34(4) 3.91(9) -1.18(3) 9 - 23 9.6/13.0
55 2.3768 0.946(15) 0.1914(9) 3.66(3) 3.99(8) -1.23(2) 9 - 23 14.8/13.0
60 2.5929 1.04(2) 0.2027(11) 4.11(4) 4.06(9) -1.31(3) 10 - 22 4.9/11.0
65 2.8090 1.077(19) 0.2109(10) 4.45(4) 4.15(9) -1.36(3) 10 - 22 7.3/11.0
70 3.0250 1.115(17) 0.2186(9) 4.78(4) 4.23(8) -1.41(3) 10 - 22 10.5/11.0
75 3.2411 1.152(16) 0.2259(8) 5.10(4) 4.31(7) -1.46(3) 10 - 22 14.9/11.0
80 3.4572 1.26(2) 0.2361(11) 5.57(5) 4.47(9) -1.57(3) 11 - 21 3.8/9.0
85 3.6732 1.30(2) 0.2430(10) 5.90(5) 4.49(9) -1.62(3) 11 - 21 5.3/9.0
90 3.8893 1.35(2) 0.2495(9) 6.23(5) 4.58(9) -1.68(3) 11 - 21 7.2/9.0
95 4.1054 1.39(2) 0.2558(9) 6.54(4) 4.67(8) -1.74(3) 11 - 21 9.7/9.0
100 4.3215 1.42(2) 0.2617(8) 6.85(4) 4.76(8) -1.80(3) 11 - 21 12.8/9.0
105 4.5375 1.56(3) 0.2708(12) 7.33(6) 4.88(11) -1.93(4) 12 - 20 2.3/7.0
110 4.7536 1.60(3) 0.2764(11) 7.64(6) 4.98(11) -1.99(4) 12 - 20 3.0/7.0
120 5.1858 1.68(3) 0.2868(10) 8.23(6) 5.16(10) -2.12(4) 12 - 20 4.8/7.0
130 5.6179 1.75(3) 0.2961(9) 8.77(5) 5.35(10) -2.24(4) 12 - 20 7.5/7.0
140 6.0501 1.93(5) 0.3081(14) 9.49(8) 5.59(15) -2.46(7) 13 - 19 0.9/5.0
150 6.4822 1.98(5) 0.3158(12) 9.97(8) 5.79(14) -2.57(6) 13 - 19 1.3/5.0
mc = 0
m¯q am¯ a
4GPS−SS amPS (amPS)2 aFPS a3〈ψ¯ψ〉 FR(t/a) χ2/d.o. f .
[MeV] ×10−2 ×10−3 ×10−2 ×10−2 ×10−3
30 1.2964 0.676(14) 0.1360(10) 1.85(3) 3.64(10) -0.95(3) 7 - 25 16.2/17.0
35 1.5125 0.757(16) 0.1502(11) 2.26(3) 3.69(10) -1.02(3) 8 - 24 8.9/15.0
40 1.7286 0.793(14) 0.1607(10) 2.58(3) 3.77(9) -1.06(3) 8 - 24 15.1/15.0
45 1.9447 0.878(18) 0.1735(11) 3.01(4) 3.83(10) -1.13(3) 9 - 23 6.5/13.0
50 2.1607 0.914(16) 0.1828(10) 3.34(4) 3.91(9) -1.18(3) 9 - 23 10.2/13.0
55 2.3768 0.949(15) 0.1916(9) 3.67(3) 3.99(8) -1.23(2) 9 - 23 15.6/13.0
60 2.5929 1.04(2) 0.2031(11) 4.13(4) 4.06(10) -1.31(3) 10 - 22 5.2/11.0
65 2.8090 1.084(19) 0.2112(10) 4.46(4) 4.14(9) -1.36(3) 10 - 22 7.7/11.0
70 3.0250 1.122(18) 0.2190(9) 4.79(4) 4.23(8) -1.42(3) 10 - 22 11.1/11.0
75 3.2411 1.160(17) 0.2263(8) 5.12(4) 4.31(7) -1.47(3) 10 - 22 15.7/11.0
80 3.4572 1.27(3) 0.2366(11) 5.60(5) 4.41(10) -1.57(3) 11 - 21 4./9.0
85 3.6732 1.32(2) 0.2435(10) 5.93(5) 4.49(10) -1.63(4) 11 - 21 5.5/9.0
90 3.8893 1.36(2) 0.2501(9) 6.25(5) 4.58(9) -1.69(3) 11 - 21 7.5/9.0
95 4.1054 1.40(2) 0.2563(9) 6.58(4) 4.67(8) -1.75(3) 11 - 21 10.1/9.0
100 4.3215 1.44(2) 0.2623(8) 6.88(4) 4.76(8) -1.80(3) 11 - 21 13.3/9.0
105 4.5375 1.57(3) 0.2715(12) 7.37(6) 4.88(11) -1.94(4) 12 - 20 2.4/7.0
110 4.7536 1.62(3) 0.2771(11) 7.68(6) 4.98(11) -2.00(4) 12 - 20 3.1/7.0
120 5.1858 1.69(3) 0.2874(10) 8.27(6) 5.17(10) -2.13(4) 12 - 20 5.0/7.0
130 5.6179 1.76(3) 0.2967(9) 8.80(5) 5.36(10) -2.25(4) 12 - 20 7.7/7.0
140 6.0501 1.95(5) 0.3087(14) 9.53(9) 5.60(15) -2.47(7) 13 - 19 0.9/5.0
150 6.4822 2.00(5) 0.3163(13) 10.01(8) 5.79(14) -2.59(6) 13 - 19 1.30/5.00
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TABLE XXV. The fitting results of a4GPS−SS and amPS together with the analytic results of the square of the pseudoscalar mass (amPS)2,
decay constant aFPS, and chiral condensate a
3〈ψ¯ψ〉. The magnetic charges of the configurations are mc = 1 and mc = 2.
mc = 1
m¯q am¯q a
4GPS−SS amPS (amPS)2 aFPS a3〈ψ¯ψ〉 FR(t/a) χ2/d.o. f .
[MeV] ×10−2 ×10−3 ×10−2 ×10−2 ×10−3
30 1.2964 0.687(13) 0.1348(10) 1.82(3) 3.74(11) -0.98(3) 7 - 25 16.8/17.0
35 1.5125 0.770(16) 0.1492(11) 2.22(3) 3.77(10) -1.05(3) 8 - 24 9.5/15.0
40 1.7286 0.805(14) 0.1597(9) 2.55(3) 3.85(9) -1.09(3) 8 - 24 16.1/15.0
45 1.9447 0.890(18) 0.1725(11) 2.98(4) 3.90(10) -1.16(3) 9 - 23 7.0/13.0
50 2.1607 0.925(16) 0.1819(9) 3.31(3) 3.97(9) -1.21(3) 9 - 23 11.0/13.0
55 2.3768 0.959(15) 0.1907(8) 3.64(3) 4.05(8) -1.25(2) 9 - 23 16.7/13.0
60 2.5929 1.05(2) 0.2021(10) 4.08(4) 4.12(10) -1.34(3) 10 - 22 5.6/11.0
65 2.8090 1.090(19) 0.2102(9) 4.42(4) 4.20(9) -1.39(3) 10 - 22 8.2/11.0
70 3.0250 1.127(17) 0.2179(9) 4.75(4) 4.28(8) -1.44(3) 10 - 22 11.8/11.0
75 3.2411 1.162(16) 0.2252(8) 5.07(4) 4.36(7) -1.49(3) 10 - 22 16.6/11.0
80 3.4572 1.27(2) 0.2354(11) 5.54(5) 4.45(9) -1.59(3) 11 - 21 4.3/9.0
85 3.6732 1.31(2) 0.2422(10) 5.87(5) 4.54(9) -1.64(4) 11 - 21 5.9/9.0
90 3.8893 1.35(2) 0.2488(9) 6.19(5) 4.62(9) -1.70(3) 11 - 21 8.0/9.0
95 4.1054 1.39(2) 0.2550(8) 6.50(4) 4.71(8) -1.76(3) 11 - 21 10.7/9.0
100 4.3215 1.52(3) 0.2642(12) 6.98(6) 4.82(12) -1.88(5) 12 - 20 1.9/7.0
105 4.5375 1.56(3) 0.2700(11) 7.29(6) 4.92(11) -1.94(4) 12 - 20 2.5/7.0
110 4.7536 1.60(3) 0.2756(11) 7.59(6) 5.01(10) -2.00(4) 12 - 20 3.2/7.0
120 5.1858 1.67(3) 0.2858(10) 8.17(5) 5.19(9) -2.12(4) 12 - 20 5.3/7.0
130 5.6179 1.74(3) 0.2951(9) 8.71(5) 5.38(9) -2.24(4) 12 - 20 8.1/7.0
140 6.0501 1.91(5) 0.3070(14) 9.43(8) 5.61(15) -2.46(6) 13 - 19 0.9/5.0
150 6.4822 1.96(4) 0.3145(12) 9.89(8) 5.80(14) -2.57(6) 13 - 19 1.4/5.0
mc = 2
m¯q am¯ a
4GPS−SS amPS (amPS)2 aFPS a3〈ψ¯ψ〉 FR(t/a) χ2/d.o. f .
[MeV] ×10−2 ×10−3 ×10−2 ×10−2 ×10−3
30 1.2964 0.771(15) 0.1376(10) 1.89(3) 3.80(10) -1.06(3) 7 - 25 14.0/17.0
35 1.5125 0.805(13) 0.1487(9) 2.21(3) 3.88(9) -1.10(3) 7 - 25 25.3/17.0
40 1.7286 0.890(16) 0.1620(9) 2.62(3) 3.93(9) -1.17(3) 8 - 24 13.3/15.0
45 1.9447 0.921(14) 0.1717(8) 2.95(3) 4.01(9) -1.22(3) 8 - 24 21.45/15.0
50 2.1607 1.009(18) 0.1838(10) 3.38(4) 4.06(9) -1.29(3) 9 - 23 9.1/13.0
55 2.3768 1.042(16) 0.1925(9) 3.70(3) 4.14(8) -1.34(3) 9 - 23 13.9/13.0
60 2.5929 1.14(2) 0.2036(11) 4.15(4) 4.21(9) -1.42(3) 10 - 22 4.8/11.0
65 2.8090 1.17(2) 0.2116(10) 4.48(4) 4.29(9) -1.47(3) 10 - 22 7.0/11.0
70 3.0250 1.207(19) 0.2193(9) 4.81(4) 4.37(8) -1.52(3) 10 - 22 10.1/11.0
75 3.2411 1.242(18) 0.2266(8) 5.13(4) 4.45(8) -1.57(3) 10 - 22 14.2/11.0
80 3.4572 1.35(3) 0.2366(11) 5.60(5) 4.54(10) -1.67(4) 11 - 21 3.67/9.0
85 3.6732 1.39(3) 0.2434(10) 5.93(5) 4.63(9) -1.73(3) 11 - 21 5.1/9.0
90 3.8893 1.43(2) 0.2499(9) 6.25(5) 4.71(9) -1.78(4) 11 - 21 6.9/9.0
95 4.1054 1.47(2) 0.2562(9) 6.56(4) 4.80(9) -1.84(3) 11 - 21 9.2/9.0
100 4.3215 1.51(2) 0.2621(8) 6.87(4) 4.88(8) -1.89(3) 11 - 21 12.1/9.0
105 4.5375 1.64(4) 0.2711(12) 7.35(6) 5.00(12) -2.02(5) 12 - 20 2.2/7.0
110 4.7536 1.68(3) 0.2767(11) 7.66(6) 5.09(11) -2.09(5) 12 - 20 2.8/7.0
120 5.1858 1.75(3) 0.2870(10) 8.24(6) 5.27(10) -2.21(4) 12 - 20 4.6/7.0
130 5.6179 1.82(3) 0.2963(9) 8.78(5) 5.45(10) -2.32(4) 12 - 20 7.0/7.0
140 6.0501 1.87(3) 0.3047(8) 9.28(5) 5.63(9) -2.43(4) 12 - 20 10.4/7.0
150 6.4822 2.04(5) 0.3159(13) 9.98(8) 5.87(14) -2.65(6) 13 - 19 1.2/5.0
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TABLE XXVI. The fitting results of a4GPS−SS and amPS together with the analytic results of the square of the pseudoscalar mass (amPS)2,
decay constant aFPS, and chiral condensate a
3〈ψ¯ψ〉. The magnetic charges of the configurations are mc = 3 and mc = 4.
mc = 3
m¯q am¯q a
4GPS−SS amPS (amPS)2 aFPS a3〈ψ¯ψ〉 FR(t/a) χ2/d.o. f .
[MeV] ×10−2 ×10−3 ×10−2 ×10−2 ×10−3
30 1.2964 0.810(16) 0.1383(10) 1.91(3) 3.86(10) -1.10(3) 7 - 25 11.5/17.0
35 1.5125 0.849(13) 0.1498(9) 2.24(3) 3.93(9) -1.15(3) 7 - 25 22.0/17.0
40 1.7286 0.936(16) 0.1632(9) 2.66(3) 3.97(9) -1.21(3) 8 - 24 11.8/15.0
45 1.9447 0.970(14) 0.1731(8) 3.00(3) 4.04(9) -1.26(3) 8 - 24 19.7/15.0
50 2.1607 1.059(18) 0.1852(10) 3.43(4) 4.10(9) -1.34(3) 9 - 23 8.4/13.0
55 2.3768 1.094(17) 0.1940(9) 3.76(3) 4.18(8) -1.38(3) 9 - 23 13.1/13.0
60 2.5929 1.126(15) 0.2023(8) 4.09(3) 4.25(7) -1.43(2) 9 - 23 19.8/13.0
65 2.8090 1.23(2) 0.2131(9) 4.54(4) 4.33(9) -1.52(3) 10 - 22 6.8/11.0
70 3.0250 1.262(19) 0.2208(9) 4.87(4) 4.41(8) -1.57(3) 10 - 22 9.9/11.0
75 3.2411 1.297(18) 0.2281(8) 5.20(4) 4.49(7) -1.62(3) 10 - 22 14.1/11.0
80 3.4572 1.41(3) 0.2380(10) 5.66(5) 4.58(10) -1.72(4) 11 - 21 3.7/9.0
85 3.6732 1.45(3) 0.2448(10) 5.99(5) 4.66(9) -1.77(3) 11 - 21 5.2/9.0
90 3.8893 1.49(2) 0.2513(9) 6.32(5) 4.75(9) -1.83(4) 11 - 21 7.1/9.0
95 4.1054 1.52(2) 0.2575(8) 6.63(4) 4.83(8) -1.89(3) 11 - 21 9.6/9.0
100 4.3215 1.56(2) 0.2634(8) 6.94(4) 4.92(8) -1.94(3) 11 - 21 12.7/9.0
105 4.5375 1.59(2) 0.2690(7) 7.42(6) 5.03(11) -2.07(5) 12 - 20 2.3/7.0
110 4.7536 1.73(3) 0.2779(11) 7.72(6) 5.12(11) -2.13(4) 12 - 20 3.0/7.0
120 5.1858 1.80(3) 0.2881(9) 8.30(5) 5.30(10) -2.25(4) 12 - 20 5.0/7.0
130 5.6179 1.86(3) 0.2973(8) 8.84(5) 5.48(9) -2.36(4) 12 - 20 7.7/7.0
140 6.0501 2.04(5) 0.3091(13) 9.55(8) 5.71(15) -2.58(7) 13 - 19 0.9/5.0
150 6.4822 2.08(5) 0.3166(12) 10.03(8) 5.89(14) -2.69(6) 13 - 19 1.3/5.0
mc = 4
m¯q am¯ a
4GPS−SS amPS (amPS)2 aFPS a3〈ψ¯ψ〉 FR(t/a) χ2/d.o. f .
[MeV] ×10−2 ×10−3 ×10−2 ×10−2 ×10−3
30 1.2964 0.849(15) 0.1393(9) 1.94(3) 3.89(10) -1.13(3) 7 - 25 18.3/17.0
35 1.5125 0.936(17) 0.1532(10) 2.35(3) 3.94(10) -1.21(3) 8 - 24 10.9/15.0
40 1.7286 0.968(15) 0.1635(8) 2.67(3) 4.02(9) -1.25(3) 8 - 24 19.0/15.0
45 1.9447 1.056(19) 0.1760(10) 3.10(3) 4.08(9) -1.33(3) 9 - 23 8.8/13.0
50 2.1607 1.086(17) 0.1850(9) 3.42(3) 4.16(8) -1.37(3) 9 - 23 13.9/13.0
55 2.3768 1.18(2) 0.1964(10) 3.86(4) 4.23(10) -1.45(4) 10 - 22 5.1/11.0
60 2.5929 1.21(2) 0.2046(9) 4.18(4) 4.31(9) -1.50(3) 10 - 22 7.6/11.0
65 2.8090 1.241(19) 0.2123(8) 4.51(4) 4.39(8) -1.55(3) 10 - 22 11.1/11.0
70 3.0250 1.270(18) 0.2196(8) 4.82(3) 4.47(7) -1.59(3) 10 - 22 15.8/11.0
75 3.2411 1.38(3) 0.2297(10) 5.28(5) 4.56(9) -1.69(4) 11 - 21 4.3/9.0
80 3.4572 1.41(2) 0.2365(9) 5.59(4) 4.64(10) -1.74(4) 11 - 21 6.0/9.0
85 3.6732 1.44(2) 0.2430(9) 5.90(4) 4.72(9) -1.79(3) 11 - 21 8.1/9.0
90 3.8893 1.47(2) 0.2491(8) 6.21(4) 4.81(8) -1.84(3) 11 - 21 10.9/9.0
95 4.1054 1.59(4) 0.2582(12) 6.67(6) 4.91(12) -1.96(5) 12 - 20 2.0/7.0
100 4.3215 1.62(3) 0.2639(11) 6.97(6) 5.00(11) -2.02(4) 12 - 20 2.7/7.0
105 4.5375 1.65(3) 0.2694(10) 7.26(6) 5.09(10) -2.07(4) 12 - 20 3.4/7.0
110 4.7536 1.68(3) 0.2746(10) 7.54(5) 5.17(10) -2.12(4) 12 - 20 4.3/7.0
120 5.1858 1.73(3) 0.2841(9) 8.07(5) 5.34(10) -2.22(4) 12 - 20 6.7/7.0
130 5.6179 1.77(3) 0.2926(8) 8.56(5) 5.51(9) -2.32(4) 12 - 20 9.9/7.0
140 6.0501 1.92(5) 0.3040(13) 9.24(8) 5.73(14) -2.51(6) 13 - 19 1.2/5.0
150 6.4822 1.94(4) 0.3109(12) 9.66(7) 5.90(13) -2.60(6) 13 - 19 1.6/5.0
30
TABLE XXVII. The fitting results of a4GPS−SS and amPS together with the analytic results of the square of the pseudoscalar mass (amPS)2,
decay constant aFPS, and chiral condensate a
3〈ψ¯ψ〉. The magnetic charges of the configurations are mc = 5 and mc = 6.
mc = 5
m¯q am¯q a
4GPS−SS amPS (amPS)2 aFPS a3〈ψ¯ψ〉 FR(t/a) χ2/d.o. f .
[MeV] ×10−2 ×10−3 ×10−2 ×10−2 ×10−3
30 1.2964 0.896(17) 0.1406(10) 1.98(3) 3.93(10) -1.18(3) 7 - 25 13.6/17.0
35 1.5125 0.929(14) 0.1516(8) 2.30(3) 4.01(9) -1.22(3) 7 - 25 24.5/17.0
40 1.7286 1.016(17) 0.1648(9) 2.71(3) 4.06(9) -1.29(3) 8 - 24 13.2/15.0
45 1.9447 1.046(15) 0.1744(8) 3.04(3) 4.14(9) -1.34(3) 8 - 24 21.2/15.0
50 2.1607 1.137(19) 0.1863(9) 3.47(3) 4.20(9) -1.42(3) 9 - 23 9.1/13.0
55 2.3768 1.168(17) 0.1950(8) 3.80(3) 4.27(8) -1.46(3) 9 - 23 13.8/13.0
60 2.5929 1.26(2) 0.2060(10) 4.24(4) 4.35(9) -1.55(3) 10 - 22 4.8/11.0
65 2.8090 1.30(2) 0.2140(9) 4.58(4) 4.42(9) -1.59(3) 10 - 22 7.0/11.0
70 3.0250 1.33(2) 0.2216(8) 4.91(4) 4.50(8) -1.64(3) 10 - 22 9.9/11.0
75 3.2411 1.368(19) 0.2288(8) 5.24(4) 4.58(7) -1.69(3) 10 - 22 14.0/11.0
80 3.4572 1.48(3) 0.2387(10) 5.70(5) 4.67(10) -1.80(4) 11 - 21 3.6/9.0
85 3.6732 1.52(3) 0.2455(10) 6.03(5) 4.75(9) -1.85(4) 11 - 21 5.0/9.0
90 3.8893 1.56(3) 0.2520(9) 6.35(5) 4.83(9) -1.91(4) 11 - 21 6.8/9.0
95 4.1054 1.59(2) 0.2582(8) 6.67(4) 4.91(8) -1.96(4) 11 - 21 9.0/9.0
100 4.3215 1.63(2) 0.2641(8) 6.97(4) 5.00(8) -2.02(3) 11 - 21 11.9/9.0
105 4.5375 1.66(2) 0.2697(7) 7.45(6) 5.11(11) -2.14(5) 12 - 20 2.1/7.0
110 4.7536 1.80(4) 0.2784(11) 7.75(6) 5.20(11) -2.20(5) 12 - 20 2.8/7.0
120 5.1858 1.86(3) 0.2887(10) 8.33(6) 5.37(10) -2.32(4) 12 - 20 4.5/7.0
130 5.6179 1.92(3) 0.2979(9) 8.88(5) 5.55(10) -2.43(4) 12 - 20 6.9/7.0
140 6.0501 1.96(3) 0.3062(8) 9.37(5) 5.72(9) -2.53(4) 12 - 20 10.1/7.0
150 6.4822 2.13(5) 0.3172(12) 10.06(8) 5.95(14) -2.74(7) 13 - 19 1.2/5.0
mc = 6
m¯q am¯q a
4GPS−SS amPS (amPS)2 aFPS a3〈ψ¯ψ〉 FR(t/a) χ2/d.o. f .
[MeV] ×10−2 ×10−3 ×10−2 ×10−2 ×10−3
30 1.2964 0.870(16) 0.1389(10) 1.93(3) 3.96(10) -1.17(3) 7 - 25 9.6/17.0
35 1.5125 0.910(14) 0.1504(8) 2.26(2) 4.03(9) -1.21(3) 7 - 25 19.0/17.0
40 1.7286 0.996(17) 0.1636(9) 2.68(3) 4.08(9) -1.29(3) 8 - 24 10.4/15.0
45 1.9447 1.032(15) 0.1736(8) 3.01(3) 4.15(7) -1.33(2) 8 - 24 17.8/15.0
50 2.1607 1.122(19) 0.1856(9) 3.44(3) 4.20(9) -1.41(3) 9 - 23 7.8/13.0
55 2.3768 1.158(17) 0.1945(8) 3.78(3) 4.28(8) -1.46(3) 9 - 23 12.4/13.0
60 2.5929 1.192(15) 0.2029(7) 4.12(3) 4.35(7) -1.50(2) 9 - 23 19.1/13.0
65 2.8090 1.29(2) 0.2137(9) 4.57(4) 4.42(9) -1.59(3) 10 - 22 6.7/11.0
70 3.0250 1.330(19) 0.2214(8) 4.90(4) 4.50(8) -1.64(3) 10 - 22 9.8/11.0
75 3.2411 1.366(18) 0.2288(8) 5.23(3) 4.58(7) -1.69(3) 10 - 22 14.1/11.0
80 3.4572 1.48(3) 0.2386(10) 5.70(5) 4.67(9) -1.80(4) 11 - 21 3.8/9.0
85 3.6732 1.52(3) 0.2455(9) 6.03(5) 4.75(9) -1.85(3) 11 - 21 5.3/9.0
90 3.8893 1.56(2) 0.2520(9) 6.35(4) 4.83(9) -1.91(4) 11 - 21 7.3/9.0
95 4.1054 1.59(2) 0.2583(8) 7.00(4) 4.92(8) -1.96(3) 11 - 21 9.9/9.0
100 4.3215 1.63(2) 0.2642(7) 6.98(4) 5.00(8) -2.02(3) 11 - 21 13.1/9.0
105 4.5375 1.76(3) 0.2730(11) 7.45(6) 5.11(11) -2.15(4) 12 - 20 2.4/7.0
110 4.7536 1.80(3) 0.2785(10) 7.76(6) 5.20(10) -2.21(4) 12 - 20 3.1/7.0
120 5.1858 1.87(3) 0.2888(9) 8.34(5) 5.38(9) -2.32(4) 12 - 20 5.1/7.0
130 5.6179 1.93(3) 0.2981(8) 8.88(5) 5.60(9) -2.44(4) 12 - 20 7.9/7.0
140 6.0501 2.10(5) 0.3098(13) 9.59(8) 5.78(14) -2.64(6) 13 - 19 0.9/5.0
150 6.4822 2.14(5) 0.3173(12) 10.07(7) 5.95(13) -2.75(6) 13 - 19 1.4/5.0
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TABLE XXVIII. The fitting result of aρ .
Normal Conf mc = 3
m¯q am¯q aρ FR(t/a) χ
2/d.o. f . m¯q am¯q aρ FR(t/a) χ
2/d.o. f .
[MeV] ×10−2 ×10−2 [MeV] ×10−2 ×10−2
30 1.2964 0.9243(3) 13 - 19 18.6/6.0 30 1.2964 0.9031(3) 13 - 19 45.7/6.0
35 1.5125 1.0801(3) 13 - 19 32.4/6.0 35 1.5125 1.0554(3) 13 - 19 83.3/6.0
40 1.7286 1.2363(4) 13 - 19 61.0/6.0 40 1.7286 1.2082(4) 13 - 19 140.2/6.0
45 1.9447 1.3928(4) 13 - 19 108.3/6.0 45 1.9447 1.3612(4) 13 - 19 219.4/6.0
50 2.1607 1.5495(4) 13 - 19 177.3/6.0 50 2.1607 1.5144(4) 13 - 19 322.6/6.0
55 2.3768 1.7061(5) 13 - 19 269.0/6.0 55 2.3768 1.6676(5) 13 - 19 449.9/6.0
60 2.5929 1.8625(5) 13 - 19 383.1/6.0 60 2.5929 1.8206(5) 13 - 19 600.3/6.0
65 2.8090 2.0185(6) 13 - 19 517.5/6.0 65 2.8090 1.9733(6) 13 - 19 771.6/6.0
70 3.0250 2.1739(6) 13 - 19 669.1/6.0 70 3.0250 2.1254(6) 13 - 19 960.5/6.0
75 3.2411 2.3284(6) 13 - 19 833.9/6.0 75 3.2411 2.2768(6) 13 - 19 1163.1/6.0
mc = 0 mc = 4
m¯q am¯q aρ FR(t/a) χ
2/d.o. f . m¯q am¯q aρ FR(t/a) χ
2/d.o. f .
[MeV] ×10−2 ×10−2 [MeV] ×10−2 ×10−2
30 1.2964 0.9256(3) 13 - 19 22.2/6.0 30 1.2964 0.8926(3) 13 - 19 404.3/6.0
35 1.5125 1.0815(3) 13 - 19 39.5/6.0 35 1.5125 1.0430(3) 13 - 19 579.6/6.0
40 1.7286 1.2380(3) 13 - 19 74.4/6.0 40 1.7286 1.1937(3) 13 - 19 800.4/6.0
45 1.9447 1.3947(4) 13 - 19 131.2/6.0 45 1.9447 1.3447(4) 13 - 19 1066.7/6.0
50 2.1607 1.5515(4) 13 - 19 212.8/6.0 50 2.1607 1.4959(4) 13 - 19 1375.5/6.0
55 2.3768 1.7083(4) 13 - 19 319.6/6.0 55 2.3768 1.6470(4) 13 - 19 1721.8/6.0
60 2.5929 1.8649(5) 13 - 19 450.5/6.0 60 2.5929 1.7981(5) 13 - 19 2098.6/6.0
65 2.8090 2.0211(5) 13 - 19 602.2/6.0 65 2.8090 1.9488(5) 13 - 19 2497.3/6.0
70 3.0250 2.1766(6) 13 - 19 770.6/6.0 70 3.0250 2.0990(5) 13 - 19 2908.7/6.0
75 3.2411 2.3314(6) 13 - 19 950.9/6.0 75 3.2411 2.2485(6) 13 - 19 3323.0/6.0
mc = 1 mc = 5
m¯q am¯q aρ FR(t/a) χ
2/d.o. f . m¯q am¯q aρ FR(t/a) χ
2/d.o. f .
[MeV] ×10−2 ×10−2 [MeV] ×10−2 ×10−2
30 1.2964 0.9221(3) 13 - 19 38.2/6.0 30 1.2964 0.8857(3) 13 - 19 71.0/6.0
35 1.5125 1.0775(3) 13 - 19 70.6/6.0 35 1.5125 1.0350(3) 13 - 19 126.2/6.0
40 1.7286 1.2333(4) 13 - 19 120.4/6.0 40 1.7286 1.1847(3) 13 - 19 209.6/6.0
45 1.9447 1.3893(4) 13 - 19 190.1/6.0 45 1.9447 1.3347(3) 13 - 19 326.8/6.0
50 2.1607 1.5456(4) 13 - 19 280.7/6.0 50 2.1607 1.4849(4) 13 - 19 482.3/6.0
55 2.3768 1.7017(5) 13 - 19 391.8/6.0 55 2.3768 1.6351(4) 13 - 19 678.4/6.0
60 2.5929 1.8577(5) 13 - 19 521.8/6.0 60 2.5929 1.7852(4) 13 - 19 915.0/6.0
65 2.8090 2.0133(6) 13 - 19 667.9/6.0 65 2.8090 1.9350(5) 13 - 19 1189.4/6.0
70 3.0250 2.1683(6) 13 - 19 826.5/6.0 70 3.0250 2.0843(5) 13 - 19 1496.4/6.0
75 3.2411 2.3225(7) 13 - 19 993.5/6.0 75 3.2411 2.2329(5) 13 - 19 1828.6/6.0
mc = 2 mc = 6
m¯q am¯q aρ FR(t/a) χ
2/d.o. f . m¯q am¯q aρ FR(t/a) χ
2/d.o. f .
[MeV] ×10−2 ×10−2 [MeV] ×10−2 ×10−2
30 1.2964 0.9115(3) 13 - 19 35.3/6.0 30 1.2964 0.8801(3) 13 - 19 68.4/6.0
35 1.5125 1.0652(3) 13 - 19 67.4/6.0 35 1.5125 1.0284(3) 13 - 19 117.9/6.0
40 1.7286 1.2194(3) 13 - 19 119.5/6.0 40 1.7286 1.1772(3) 13 - 19 191.6/6.0
45 1.9447 1.3739(4) 13 - 19 196.1/6.0 45 1.9447 1.3262(4) 13 - 19 294.0/6.0
50 2.1607 1.5286(4) 13 - 19 300.1/6.0 50 2.1607 1.4755(4) 13 - 19 428.8/6.0
55 2.3768 1.6833(4) 13 - 19 432.9/6.0 55 2.3768 1.6248(4) 13 - 19 597.7/6.0
60 2.5929 1.8378(5) 13 - 19 593.9/6.0 60 2.5929 1.7740(5) 13 - 19 800.4/6.0
65 2.8090 1.9919(5) 13 - 19 781.1/6.0 65 2.8090 1.9228(5) 13 - 19 1034.7/6.0
70 3.0250 2.1455(5) 13 - 19 990.7/6.0 70 3.0250 2.0712(5) 13 - 19 1296.3/6.0
75 3.2411 2.2984(6) 13 - 19 1217.9/6.0 75 3.2411 2.2190(6) 13 - 19 1579.4/6.0
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